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Abstract 

Let M an o-minimal expansion of a real closed field. We develop the 
cohomology theory for the category of A/'-definable manifolds with con- 
tinuous A^-definable maps and use this to solve the Peterzil-Steinhorn 
problem |Q on the existence of torsion points on AA-definably compact 
AA-definable abelian groups. Namely we prove the following result: 
Let G be an A/'-definably compact A/'-definably connected AA-definable 
group of dimension n. Then the o-minimal Euler characteristic of G 
is zero. Moreover, if G is abelian then ■ni{G) = and for each > 1, 
the subgroup G[k] of fc-torsion points of G is isomorphic to {'L/k'L)'^. 
We also compute the cohomology rings of A/'-definably compact M- 
definably connected A/'-definable groups. 



*Supported by the EPSRC grant GR/M66332. 



1 



1 Introduction 



We work over an o-minimal expansion A/'= (A^, 0, 1, <,+,-,.. .) of a real 
closed field. Definable means TV-definable (possibly with parameters). The 
results of this paper are an extension to the work of A. Woerheide in ||Wo|| 
where o-minimal homology was introduced. We develop the cohomology the- 
ory for the category of definable manifolds with continuous definable maps 
and use this to solve the problem of existence of torsion points on definably 
compact definable abelian groups (see Namely we prove the following 

result (see theorem |7.8| and theorem |11.6|) . 



Fact 1.1 Let G be a definably compact definably connected definable group 
of dimension n. Then the o-minimal Euler characteristic of G is zero. More- 
over, if G is abelian then 7ri(G) ~ Z" and for each k> 1, the subgroup G[k] 
of k-torsion points of G is isomorphic to (Z/A;Z)". 

We also compute the cohomology rings of definable groups (see theo- 
rem |11.6| ). Other main results of this paper are: Poincare duality (theorem 
[91^ ), Alexander duality (theorem |9.4|) , Lefschetz duality (theorem |9.11|) , the 
Lefschetz fixed point theorem (theorem [lO.lUD in the category of Hausdorff 



definable manifolds with continuous definable maps. From this we obtain 
the usual corollaries, in particular the generalised Jordan-Brouwer separa- 
tion theorem (corollary |9.9|) for Hausdorff definable manifolds. Note that the 
Lefschetz fixed point theorem and the generalised Jordan-Brouwer separa- 
tion theorem are also proved in [[bol|| for the category of affine definable 



manifolds with (definable) G^ definable maps with p > 3. The method used 
in ||bol|| is based on intersection theory for such definable manifolds adapted 



from classical differential topology. 

The main motivation for the work presented here is the classification 
problem for groups definable in o-minimal structures. The results from 



together with those from |ppsl| reduce this problem to the classification prob- 



lem for definably compact definable abelian groups in o-minimal structures. 
In [|2[ we try to classify definably compact definable abelian groups G under 



the assumption that 7ri(G') ~ Z''™'-^. As we mentioned above this assumption 
is true when we are working in an o-minimal expansion of a real closed field, 
we believe that this remains true in general, although to prove it one would 
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need to develop possibly an o-minimal analogue of "Grotliendieck theory of 
duality" . 

Most of the results of this paper are modifications of classical results in 
algebraic topology (see for example 0, ||], or ||o|). For the convenience of 
model theorists and since the setting is different we will be careful enough to 
include all the details. In particular, in order to introduce terminology and 
notation we include a brief description of Woerheide work. We will follow L. 
van den Dries book |[vdd|] for results on o-minimal structures and for the non 
model theorists we recall in section || some basic notions of o-minimality. 



2 O-minimal structures 

Definition 2.1 A structure M consists is a non empty set together with: 
(i) a set of constants {c^)k^K, where G N; {ii) a family of maps {fj^)j^j, 
where /A is an n^-ary map, fj^ : A^"^ — > N and {in) a family {Rf)i^j of 
relations that is, for each i, Rf is a subset of A^"* for some > 1. The 
language C associated to a structure AT consists of: (i) for each constant c^, 
a constant symbol c^; {ii) for each map /j^ a function symbol, fj of arity Uj 
and {Hi) for each relation Rf , a relation symbol, Ri of arity rij. 

We often use the following notation N'= {N, (c^)^^^, {fj^)jej, {Rf)i£i), 
and sometimes we omit the superscripts. Similarly we use the notation C= 
{{ck)keK, {fj)jeJ, {Ri)iei}- If is the language associated with the structure 
J\f we say that M is an C-structure. If £' C £ are two languages and M' and 
M are respectively an ^'-structure and an ^-structure, such that N' = N 
then we say that J\f is an expansion of Af' or that A/"' is a reduct of A/". 

Let £ be a language and N an /^-structure. We are going to define 
inductively the set of /^-formulas and satisfaction of an £-formula in A/", in 
order to define the A/"-definable sets. 

Definition 2.2 The set of C-terms is generated inductively by the following 
rules: {i) every variable from a countable set of variable {xq)q(zQ is an 
£-term, {ii) every constant of C is an £-term and {Hi) if / is in £ is an 
ra-ary function, and ti, . . . ,t„ are £-terms, then /(ti, . . . is an £-term. 
An atomic £-formula is an expression of the form: ti = t2 or R{ti, . . . ,tn) 
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where R is an n-ary relation in C and are £-terms. We some- 

times write R{ti{xi, . . . , Xk), ■ ■ ■ , tn{xi, . . . , Xk)) ii: we want to explicitly show 
the variables occurring in the atomic £- formula. Given a tuple a e N^, 
we say that a satisfies R(ti{x), . . . ,tn{x)) in A/" where x = {xi, . . . ,Xk) if 
R^{ti{a), . . . ,tn{a)) holds. We denote this by Af\= i?(ti(a), . . . 

The set of /^-formulas is generated inductively by the following rules: (i) 
all atomic £- formulas are /^-formulas; {ii) if (pi{x) and (f>2{x) are ^-formulas, 
then (01 A (j)2){x) and (0i V 4>2){x) are >C-formulas, and for a e A^'^, 
(01 A 02) (a) iff ■A/'|= 01 (a) and A/'|= 02(a), we also have the obvious clause 
for V; (Hi) if 0(x) is an £-formula, -i0(a;) is an ^-formula, and for a G A^'^, 
A/'|= ~'0(a) iff 0(a) docs not hold in A/" (this is denote by A/" 0(a)); {'iv) 
if 0(a;,a;fe+i) is an ^-formula, then 3xk+i(p{x,Xk+i) is an ^-formula, and for 
a e N'^, J\f\^ 3xjk+i0(a, Xfc) iff there exists b E N such that A/"^ (f){a,b); (v) 
the obvious clauses for V. 

We are now ready to define the important notion of A/'-definable sets and 
A/'-definable maps. 

Definition 2.3 A subset D C iV^ is an Af -definable subset (defined over 
A C iV^ if there is an ^-formula (j){x,y) with x = {xi, . . . ,Xk) and y = 
(xfc+i, . . . , Xk+m) and some b e A™ such that D = {a E N'' : J\f\= 0(a, 6)}. 
If a: C AT*^ and Y C N"^ are A^-definable sets (over A C N), a function 
/ : X — > Y is A/'-definable (over A) if its graph is an A/'-definable set (over 
A). More generally, a structure M= (M, (cf ),,eK, (/f )iGJ, (i?f )iG/) is AA- 
definable (over A) if: [i) M C A^' is A/"- definable (over A); (ii) for each 
k E K there is a point e M corresponding to cj^^; (iii) for each j E J the 
function /j^ : M"^ — )• M is A/'-definable (over A) and (iw) for each i e I the 
relation i?^ C M"' is A/'-definable (over A). Note that, in this case every 
A4-definable set is also an A/'-definable set. 

Finally we include here one more definition from basic model theory which 
palys a crucial role in our paper. 

Definition 2.4 Given two /^-structures A/" and Ai, we say that A/" is an C- 
substructure of A^, denoted by J\fC J\A, if N (1 M and: (i) for every constant 
symbol c in C, — c^; {ii) for every n-ary function symbol / in C, for every 
a e A^", f^{a) — f^{a) and {Hi) for every n-ary relation symbol R in C 
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and for every a e iV", R^{a) iff R^\a). Let TVc M. We say that M is 
an elementary extension of (or tliat TV is an elementary substructure of 
TW), denoted by Af^ A4, if for every ^-formula for all a G iV'^, we have 
Ar|= 0(a) iff A^h 0(«)- 

Note that (by Tarski-Vaught test) A/"^ Ai iff for every non empty Ai- 
definable set E C M\ defined with parameters from N, E{N) := ECiN'- ("the 
set of A^-points of E") is a non empty AT-definable set. Clearly, if S* C A^' is 
an A/'-definable set defined with parameters from A^ and A/"^ Ai, then the 
^-formula which determines 5* determines an A4-definable set S{M) C M' 
("the M-points of 5"). 

The theory Th{M) of an /^-structure M is the collection of all /^-sentences 
(i.e., ^-formulas without free variables) a such that N\= a. M is elementarily 
equivalent to A/1, denoted M= M iff Th{M) = Th{M). Clearly, if A^^ M 
then M= M.. The following two facts (the Lowenheim-Skolem theorems) are 
fundamental theorems of basic model theory: (1) if A/" an /^-structure with 
X O N, then for every cardinal k, such that |X| + |£| < k, < \N\, Af has an 
elementary substructure Ai such that X C and \M\ = k; and (2) if A/" be 
an infinite ^-structure, then for any cardinal k > \N\, M has an elementary 
extension of cardinality k. 

Definition 2.5 An o-minimal structure is an expansion M= {N, <,...) of a 
linearly ordered nonempty set (A^, <), such that every A/'-definable subset of 
A^ is a finite union of points and intervals with endpoints in A^U {— oo, +oo}. 

Note the following important results: let A/" be an o-minimal structures 
and C its language. Then: (1) every A/'-definable structure At which is an 
expansion of a linearly ordered nonempty set (Af, <m) is also o-minimal; (2) 
KPS|| if A/i is a structure (in the language of A/") such that Af= Ai then Ai is 



also o-minimal; (3) |PiSl|| for every A N there is a prime model of Th{M) 
over A i.e., there is an o-minimal structure V such that A C P and for all 
M with A C Af and either M< M or M we have M] and (4) for 
every k > max{Ko, \C\} there up to isomorphism 2'^ o-minimal structures M. 
such that |Af| = K and Ai= N (see [pTi|), and if £ is countable then up to 



isomorphism there are either 2*^" or 6"3™ countable o-minimal structures M. 
such that At= Af (see 
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There are many geometric properties of A/'-definablc sets and J\f- definable 
maps in an o-minimal structures J\f. For example, two of the most powerful 
results are the monotonicity theorem for definable one variable functions and 
the C^-cell decomposition theorem for definable sets and definable maps. We 
will now explain the C^'-cell decomposition theorem (here p = if A/" is not 
an expansion of a (real closed) field) in order to introduce the notion of 
o-minimal dimension and Euler characteristic. 

Definition 2.6 C^-cells and o-minimal dimension are defined inductively 
as follows: (i) the unique non empty A/"-definable subset of is a C^-cell 
of dimension zero, a point in is a C^-cell of dimension zero and an open 
interval in A^^ is a C^-cell of dimension one; (ii) a C^-cell in A'^'"'"^ of dimension 
k (resp.. A; -I- 1) is an jV-definable set of the form r(/) (the graph of /) where 
/ : C — > N is a C^-definable function and C is a C^-cell in A'^' of dimension 
k (resp., of the form {f.g)c '■= {{x,y) E C x N : f{x) < y < g{x)} where 
f,g:C — > N are C^-definable function with —oo < f < g < +oo and C is 
a C^-cell in of dimension k. The Euler characteristic E{C) of a C^-cell C 
of dimension k is defined to be (— l)'^- 

Definition 2.7 A C^-cell decomposition of N"^ is a special kind of partition 
of N'^ into finitely many C^-cells: a partition of A^"^ into finitely many disjoint 
C^-cells of dimension zero and one is a C^-cell decomposition of A^"^ and, a 
partition of A^'^^^ into finitely many disjoint C^-cells Ci, . . . , Cm is a C^'-cell 
decomposition of A^'^+-^ if /t(Ci), . . . , 7r(Cm) is a C^'-ccll decomposition of A^*^ 
(where tt : A^'^^^ — > N'' is the projection map onto the first k coordinates). 
Let Ai, . . . Ak C A C N"" he A/'-definable sets. A C^'-cell decomposition of A 
compatible with Ai, . . . A^ is a finite collection Ci, . . . , of partitioning 
A obtained from a C^-cell decomposition of A^™ such that for every (i,j) G 
{1, . . . ,k} X {1, . . . ,1} if Cj n Ai ^ iD then Cj C Ai. 

Fact 2.8 (C^-cell decomposition theorem) Given J^- definable sets Ai, . . . ,Ak 
C A C N"^ there is a C^-cell decomposition of A compatible with Ai, ■ ■ ■ Ak 
and, for every N -definable function f : A — > N, A Q N"^, there is a C^-cell 
decomposition of A, such that each restriction f\c C — > N is for each 
cell C C. A of the C^-cell decomposition. 
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The o-minimal dimension dim{X) and Euler characteristic E{X) of a A/"- 
definable set X are defined by dim{X) = max{(iim(C) : C E C} and E{X) = 
^^g^-E'(C) where C is some (equivalently any) C^-cell decomposition of X. 
These notions are well behaved under the usual set theoretic operations on 
AT-definable sets, are invariant under AT-definable bijections and given an 
A/'-definable family of J\f- definable sets, the set of parameters whose fibre in 
the family has a fixed dimension (resp., Euler characteristic) is also an A/'- 
definable set. The cell decomposition theorem is also used to show that every 
jV-definable set has only finitely many AA-definably connected components, 
and given an A/'-definable family of A/'-definable sets there is a uniform bound 
on the number of A/'-definably connected components of the fibres in the 
family. 

Since in this paper we are concerned only with o-minimal expansions of 
ordered fields (necessarily real closed fields) we will from now on assume that 
H is an o-minimal expansion of a real closed field and definable means H- 
definable. Below we list the some of properties of definable sets and definable 
maps that we will be using through this paper. 

Definition 2.9 Let Si,...,Sk Q S C N'^ be definable sets. A definable 
triangulation in N"^ of S compactible with Si, . . . ,Sk is a pair K) con- 
sisting of a complex K in N"^ and a definable homeomorphism $ : S — > \K\ 
such that each Si is a union of elements of $^^(fC). We say that ($, K) is a 
stratified definable triangulation of S compactible with Si, . . . , Sk if: m = 
or m > and there is a stratified definable triangulation (\E', L) of 7i{S) com- 
pactible with 7r(5'i), . . . , 7r(5'fe) (where tt : N'^ — > ]\f^-^ is the projection 
onto the first m — 1 coordinates) such that 7r\vert{K) '■ K — > L is a simplicial 
map and the diagram 

S ^ \K\ 
<S)^\L\. 

We say that ($, K) is a quasi- stratified definable triangulation oi S compatible 
with Si,...,Sk if there is a linear bijection a : N'^ — > N"^ such that 
{a^a~^, aK) is a stratified definable triangulation of a{S) compatible with 
a(Si),...,a(Sk). 
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Fact 2.10 ^vdd^ (Definable triangulation theorem). Let Si, . . . , Sk C S C 
N"^ be definable sets. Then, there is a definable triangulation of S compatible 
with Si,...,Sk. Moreover, if S is bounded then, there is a quasi-stratified 
definable triangulation of S compatible with Si, . . . , Sk. 

Several other geometric properties from semialgebraic and subanalytic 
geometry also hold for definable sets and definable maps: we have a definable 
curve selection theorem, a definable trivialization theorem and finally (see 
PM2|| ) a definable analogue of the uniform bounds on growths theorem, the 
C^-multiplier theorem, the generalised Lojasiewicz inequality, the zero 
set theorem, the Whitney stratification theorem, etc. 



3 Definable manifolds 
3.1 Definable manifolds 

Definition 3.1 A definable manifold (of dimension m defined over A) is a 
triple X := (X, (Xj,0j)jg/) where {Xi : z G /} is a finite cover of the set X 
and for each i & I, (1) we have injective maps (pi : X^ — > N"^ such that 
4>i{Xi) is an open definably connected definable set (defined over A); (2) each 
(j)i{XinXj) is an open definable subset of 0j(Xj) (defined over A) and (3) the 
map (f)ij : 0i(Xj fl Xj) — >• (j)j{Xi fl Xj) given by (pij := (pj o (f)~^ is a definable 
homeomorphism (defined over A) for all j G / such that Xj fl Xj ^ 0. 



Definition 3.2 Let X= (X, (X^, 0^)^67) and Y = {Y,{Yj,%ljj)j^j) be defin- 
able manifolds. A definable subset of X is a set Z C X such that the sets 
0i(Z n Xj) are definable. If all of (pi^Z n XjJ are definable over B we say 
that Z is definable over B. Let Z he a definable subset of X. A map 
f : Z C X — > y is a definable map if ipj o f o (p~^ : (pi[Xi fl Z) — > ipj{Yj) is 
a definable map whenever it is defined. 



A definable manifold X has a natural topology generated by the definable 
open subsets of X i.e., those definable subsets U such that for all i E I, 
(pi{U n Xj) is an open definable subset of </)j(Xj). We say that a definable 
manifold X is definably connected if there are no two disjoint definable open 
subsets of X whose union is X. By [Q, X is definably connected iff it is 
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definably path connected i.e., for all x,y G X there a definable continuous 
map a : [0, 1] — > X such that a(0) = x and a(l) = y. 

Definition 3.3 A definable suhmanifold oi X is a definable manifold Y such 
that Y C Xand each ipj : Yj — > ipjiYj) are definable and whose topology is 
the induced topology from X. The definable sub manifolds of are called 
affine definable manifolds. 



Remark 3.4 Its easy to see that definable manifolds are Tl, but one can 
construct easily an example of a definable manifold X which is not Hausdorff: 
Let Xi := iV X {0}, X2 := X x {1} with the subsets Xf := X<° x {0} and 



X, 



N 



<o 



{1} identified. But affine definable manifolds are definably 
normal ||vdd|| and by lemma ^]5| below every Hausdorff definable manifold X 
is definably regular. By ||vdd|] every definably regular definable manifold is 
definably homeomorphic to an affine definable manifold. 



Lemma 3.5 Every Hausdorff definable manifold X is definably regular. 
Proof. This is contained in the proof of lemma 10.4 ||bol|| : For each 



i E I and x,y E Xj, let di{x,y) := \4>i{x) — (f)i{y)\. Let be a closed 
definable subset of X and ao e X\K. Let := {i e I : K n Xi 0}, 
lao ■= {j e I : ao e Xi} and for each i e let Ki := K n Xj. For e e N, 
e > and i G define to be the set of points y G [Jj^jXj such that 
there is a point x in KiH [Jj^jXj with dj{x, y) < e. Since / is finite, is 
open (and contains K^). Let K'^ := IJjg/^ ^t- Then K'^ is an open definable 
subset containing K. Similarly we define containing to be the open 
definable subset of all y G Uje/ao '^^ ^y>^ch. that there is x G Uje/ao "with 
dj{x,y) < e. 

If for some e > K'^ fl = we are done. Otherwise, there is a finite 
subset J of such that Kj fl L*" 7^ for all sufficiently small e > 0, where 
Kj := [J-^jK^. Now by definable choice (chapter 6, proposition 1.2 



and lemma 10.3 [[bo If , there is a definable continuous map a: (0, e) — > X such 



that a(e) G Kj fl L^ Since X is Hausdorff = \im^^oa{e). We reach a 
contradiction by showing that Oq G K. Choose i such that G Xj. Then 
for all sufficiently small e > we have a(e) G Xj so di{a{e),K fl Xj) is 
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well defined and must be less than e since a(e) belongs to K}. Therefore, 
lim,^o di{a{e), K n Xi) = i.e., di{ao, K n Xi) = and ao e K. □ 

Note that if X (resp., X) is a definable manifold over A (resp., a collection 
of definable manifold over A and definable maps over A between definable 
manifolds in X) then X (resp., X) can be identified with a definable structure 
over A. Moreover, if is a structure in the language of Af such that A O M 
and eitherA^^ Ai oi M.^ M then X (resp., X) can also be seen as an M.- 
definable manifold over A (resp., a collection of Al-definable manifold over 
A and Ai-definable maps over A between A^-definable manifolds in X). 

Although many topological notions (such has Hausdorff, regular, defin- 
ably connected, etc.), of definable manifolds and their definable maps are 
invariant under the process mentioned above, other notions such as compact 
and locally compact are not good notions in our context since, for example 
if N is non standard then no nontrivial definable manifold will be locally 
compact or compact. For this reason a weaker notion of compactness for 



definable manifold was introduced in p 



Definition 3.6 A definable manifold X is definably compact if it is Hausdorff 
and for every definable curve a: (a, b) O N ^ X, where — oo < a < b < +oo 
there are c, d G A such that lima.^a+ '^{x) = c and limx^h- cr{x) = d. 

By [|2s|, an affine definable manifold X is definably compact iff A is a 
closed and bounded definable subset of some A™. Therefore, this notion of 
definable compactness is invariant under elementary extension/substructure. 

Example 3.7 Let H := {H, ■) be a definable a group. Results from Q and 
[|pst|| show that: (1) H has a unique structure of a definable manifold such 
that the group operations are definable continuous maps. Note that, since 
definable groups are Hausdorff (as a definable manifolds), every definable 
group is isomorphic to an affine definable group. Moreover, there is in a 
uniformly definable family of subsets of H containing the identity element e, 
{Va : a E S} such that {Va : a G 5} is a basis for the open neighbourhoods of 
e; (2) the topology of a definable subgroup G of H agrees with the topology 
induced on G hj H, G is closed in H and if dimG = dimH then G is open 
in H] and (3) a definable homomorphism of definable groups a : H — > K is 
a continuous (in fact for every p) definable map. 
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3.2 Definable manifolds with boundary 

Definition 3.8 A definable manifold with boundary of dimension m is a 
triple X := (X, (Xj,0j)jg/) where {Xj : i G /} is a finite cover of the set 
X and for each i G /, (1) we have maps (pi : Xj — > {{xi, . . . ,Xm) G 
X™ : Xm > 0} such that 0i(Xj) is a definable open definably connected 
set; (2) each 0i(Xj fl Xj) is definable and open in 0j(Xj); (3) the map 
(pij : (l)i{Xi n Xj) — > 4>j{Xi n X^) given by 0jj := (pj ° (j)^^ is a definable 
homeomorphism for all j & I such that Xj fl Xj 7^ and (4), there is i G / 
such that {x G Xi : G X'""^ x {0}} 7^ 0. 

Just like for definable manifolds, we have the notions of definable subset, 
open definable subset, definable submanifold and definable maps etc., for 
definable manifolds with boundary. 

Definition 3.9 We have the following definable submanifolds of X of di- 
mension m and m — 1 respectively: X:= (X, (Xj, (f)i\)i^j) where X := IJ^^^Xj 
and Xj := {x G Xj : (pi^x) G {{xi, . . . ,Xm) £ N"^ : Xm > 0}}; and 
aX:= (ax, ((9Xj,0j|)je/) where dX := [Jiei^^i ^nd ^Xj := {x G Xj : 
4>i{x) G N"^~^ X {0}}. dX. is called the boundary oflL. 



We include here the following remark which will be use in subsection pA 



Remark 3.10 Then X can be definably embedded in two different ways in 
a definable manifold 2X of dimension m such that X is a closed definable 
submanifold, and there are open definable submanifolds Yi and Y2 of Y each 
containing a copies Xi and X2 of X and such that Xj is a definable defor- 
mation retract of Ij and Yi fl Y2 is definably homotopically equivalent to 
dX. 

In fact let 2X= (y, (Fj, be given by: Fj = xJ U dX, x [0, -1] U 

• 2 • 1 • 2 • • 1 

Xj where Xj and Xj are copies of Xj and ipi is given by ipi = (pi on Xj , 

■ipi = (pi X l[o,-i] on dXi X [0,-1] and for x G X- define -ipiix) = (—1 — 

(P}{x), . . . , -1 - 0™(x)) where 0j = {(Pj, ...,(pT). Let Yi = £udXx [0, -1) 

and Y2 = dX X (0, 1] U X^ where for / = 1, 2, x' = Jig/ 

We will from now on assume that, all definable manifolds are Hausdorff 
definable manifolds, hence affine. 
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3.3 The fundamental group 

Let X= (X, (Xj,0j)jg7) and Y = (Y, (Yj,ipj)j^j) be definably connected de- 
finable manifolds. Given Ai, . . . ,Ai C X' and Bi, . . . , Bi O Y' definable sub- 
sets of X and Y respectively and a continuous definable map / : X' — > Y' 
such that f{Ai) C Bi, we write / : (X', Ai, . . . , Ai) {Y\ fii, . . . , Bi) (if 
/ = 1, Ai = {x} and Bi = {y} we write / : (X', x) — > (Y', y)). 

Definition 3.11 Two continuous definable maps /, g : (X', Ai, . . . , Ai) — »• 
(y, . . . , are definably homotopic if there is a continuous definable 
map H : {X X [0,1], Ai X [0,1], Ai X [0, 1]) — > (Y, Bi, . . . , Bi) such that 
H{x, 0) = f{x) and H{x, 1) = g{x) for all x G X'. if is called a definable ho- 
motopy. This is an equivalence relation compatible with composition in the 
set of all such continuous definable maps. We denote by [/] the equivalence 
class of / and by [(X', Ai, . . . , Ai), {Y', Bi, . . . Bi)] the set of all such classes. 
(X', Ai, . . . , Ai) and (Y', Bi, . . . , Bi) are said to have the same definable ho- 
motopy type if there are continuous definable maps / : (X', Ai, . . . , Ai) — > 
{Y', B,,...,Bi) and g : {Y', B,, . . . , Bi) (X', A^, . . . , Ai) such that [g o 
/] = [Ix'] and [fog] = [ly/]. This is an equivalence relation and we denote 
by [(X', Ai, . . . , Ai)] the equivalence class of (X', Ai, . . . , Ai). 

The following result is proved just like in the classical case, with the word 
definable add where necessary (for details see chapter 12 ||): 

Fact 3.12 There is a covariant functor it i from the category of pointed defin- 
able manifolds into the category of groups. 7Ci{X,x):= [([0, 1], {0, 1}), (X, x)] 
is a group called the definable fundamental group ofX. at x with the product 
defined by [<j]['y] := [cr ■ 7] and given definable maps f,g : (X, x) — > {y,y), 
7ri(/) (which is denoted f^) is defined by /*([o"]) = [/ o a]. Moreover, if 
[f] = [g] then = g^^; if there is a definable path in X from Xq to Xi then 
TTi{X, Xq) ~ vri(X, Xi); and finally vri(X x Y, {x, y)) ~ vri(X, x) x TiiiY, y). 



Definition 3.13 A definably connected definable manifold X is called de- 
finably simply connected if 7ri(X, x) = for some (equivalently for all) x G X. 



We finish this subsection, with the following result from ||bo2|| (for a dif- 



ferent proof see |e^) on how to compute the definable fundamental group 
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of definable manifolds. Note however that the main results of this paper on 
definable groups were proved (in an old version of this paper) without using 
fact |3.15| below. In fact, although we need to know that the fundamental 



group of a definable group is a finitely generated abelian group, this will be 
proved directly in fact ^.18| and lemma |11.4 . 



Definition 3.14 Let K he a simplicial complex, v a vertice of K and T a 
maximal tree in K (T contains all the vertices of K). An edge path in i^' is a 
sequence a = ui,U2, ... ,ui of vertices of K such that for alH = 1, . . . , / — 1, 
Ui, Mj+i are vertices of an edge in i^'. li = wi,W2, ... ,Wk is another edge 
path in K and ui, Wi are vertices of an edge in K then the concatenation a -7 
is also an edge path in K. a is an edge loop in at w if f = Mi = ui. E{K, v) 
is the group under the operation [a] [7] := [a -7] of classes [a] of edge loops a in 
K at V under the equivalence relation: v, u,a,b,c, . . . ,w,v v,u,a,c, . . . ,w,v 
iff abc spans a fc-simplex of K where k = 0, 1,2. E{K,v) is isomorphic to 
the group G{K, T) generated by the 1-simplexes of K, denoted ga,b for each 
edge a, h and with relations: (1) ga,b = 1 if a, 6 spans a simplex of L and (2) 
ga,bgh,c = ga,c if a, c spans a simplex of K. 



Fact 3.15 (Tietze theorem, ^boS^J ). Suppose that X zs a definably compact, 
definable manifold. If ($, K) is a definable triangulation of X and T is a 
maximal tree in K then, 7ri(X, x) ~ G{K,T). In particular, 7ri(X, a;) is 
invariant under taking elementary extensions, elementary substructures of 
M (containing the parameters over which X is defined) and under taking 
expansions of N and reducts of M on which X is definable. 



4 Basic homological algebra 

The category of chain complexes, denoted Comp is the category whose ob- 
jects are chain complexes {E^,d^) - which are sequences {En)n& of abelian 
groups with morphisms 9„ : En — ^ E^-i such that o c}„ = for all 
n ^'L - and whose morphisms are chain maps / : -E* — > between chain 
complexes {E^,d*) and i.e., / is a sequence {fn)n& of group homo- 

morphisms /„ : En — > En such that /„,_i o dn = 6n o fn for all n E Z. A 
chain complex E^ is nonnegative if = for n < 0; 
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The category of augmented chain complexes Comp, is the subcategory 
whose objects are those chain complexes {E^, d^,) with E_i = Z and En = 
for all n < —1, and whose morphisms are all those chain maps / between 
such chain complexes with /_i = 1^. An augmented chain complex {E^, d^) 
is an augmentation of the nonnegative chain complex [E^, d^) if E^ — E^ for 
n > and dn — dn for n > 0. 

Definition 4.1 The covariant functors ■ Comp — > Ah for n e Z are 

defined by: Hn{E^) — kerdn/imdn+i and for / : E^ — > F^, Hn{f) '■ 

Hn{E^) — > Hn{F^) is given by cIse^z — > dsp^fn{z) where cIse^z denotes 
the equivalence class of 2; G kerdn in Hn{E^). Hn{E^) is the n-th homology 
group of E^ and /* is usually used to denote the sequence {Hn{f))nez- 

The homology groups Hn{E^) measure how far from being exact the chain 
complex {E^:,d^) is. We say that E^, is exact (or acyclic) if Hn{E,,) = 
for all n. Under some conditions we may have Hn{E^) ~ Hn{F^) for all 
n, for example if is an adequate subcomplex of E^ - the theorem on 
removing cells, tells us that under certain conditions, we can remove an n- 
cell and an n + 1-cell (i.e., elements from the set of generators of En and 
En+i respectively) in order to obtain an adequate subcomplex of F*. 
Also, if a chain map / : F* — > F^ is a chain equivalence i.e., there is a 
chain map g : — > E^ such that g o f ~ 1^^ and fog ~ Ip^, then 
Hn{f) : Hn{E^) — )• Hn{F^) is an isomorphism for every n. Here, f ^ h 
means that the chain maps / : E^ — > F^ and h : F^ — > E^ are chain 
homotopic i.e., there is a sequence of maps s„ : E^ — > F^+i such that 
fn- hn = Sn+1 o s„ + s„_i o 9„ for all n. 

Fact 4.2 (Long exact sequence). Let 0— A F* E"^0 be a short exact 
sequence of chain maps. There exists a sequence d — {dn '■ Hn{E" ^) — > 
Hn-i{El)) of (connecting) homomorphisms such that the following sequence 
is exact. 

■ ■ ■ > Hn{E'^) Hn{E^) ^ Hn{E'l) ^ Hn-l{E'J > ■ ■ ■ 
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Fact 4.3 (Naturality of the connecting homomorphism) . Assume that there 
is a commutative diagram of chain complexes with exact rows: 



O^Fi A ^ 

Then there is a commutative diagram of abelian groups with exact rows: 

■ ■ ■ Hn{E'^) A Hn{E^) A Hn{E'l) ^ Hn-l{E'^) > ■ ■ ■ 

i^' i^' i^" i^* 

> H^{Fi) A H^{F,) ^ H^{Fi') ^ H^.,{Fi) ^ • • • 



Definition 4.4 Let F : C — > Ah be a functor, and let M be a set of models 
for C ( i.e., a subset of ObjC). We say that F is free with base in Ji4 if: 
(1) EC is a free abelian group for every C G ObjC; (2) there is an indexed 
family {Mj)j E J of models in M and an element x = (xj) £ Uj^jEMj such 

that, for every C e ObjC, the family {{Fa){xj))j^j^„;Mj >c is a basis of EC. 

In this situation, we call x a basis of F in M. 

Let E : C — > Comp be a functor. We say that E is nonnegativc if 
EC is a nonnegative chain complex for all C e ObjC; E is acychc on a set 
of models M for C if EM is an acyclic chain complex for every M e M. 
A natural transformation between functors E,E : C — > Comp is called a 
natural chain map. 

Fact 4.5 (Acyclic Models). Let C be a category with set of models M and 
let E, E : C — > Comp be nonnegative functors. Assume that En is free with 
basis in M for alln > and that E is acyclic on M. Then: (1) every natural 
transformation tq : Eq — > Eq lifts to a natural chain map r : E — > E; (2) 
any two liftings t,t' : E — > E are naturally chain homotopic i.e., there are 
natural transformations Sn : F„ — > E^+i such that Tn — r'^ — o s„ + 
o dn for all n. Furthermore, we can choose Sq — Q. 

An augmented natural chain map r : E — > F is by definition a natural 
transformation r : E — > F between two functors E, F : C — i^Comp. Note 
that in this case, for every C e ObjC, the map (tc)-i : E^iC = Z — > 
F_iC = Z is Iz. 
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Fact 4.6 (Acyclic Models in Compj. Let C be a category with set of models 
M and let E,F : C — >-Comp be functors. Then: (1) if Fn is free with basis 
in M for all n > and if E is acyclic on M then there exist an augmented 
natural chain map r : F — > E and any two are naturally chain homotopic; 
(2) if both E and Fn are free with basis in M for alln > and if both E and 
F are acyclic on M then every augmented natural chain map r : F — > E is 
a natural chain equivalence. 

5 Homology 

We denote by DTOP{M) (resp., DCTOP{J\f)) the category of definable 
manifolds (resp., the subcategory of definably compact manifolds) with con- 
tinuous definable maps. 

5.1 Homology 

Definition 5.1 The category of pairs over Af, DTOPP{M) is the category 
whose objects arc the pairs (X, A) where X is a definable manifold and A 
a definable subset of X, and whose morphisms / : (X, ^4) — > {Y, B) e 
MorDTOPP{M), are the continuous definable maps / : X — > Y, such 
that f{A) C B. 

The lattice of (X, A) G OhjDTOPP{M) consists of the pairs (0,0), 
{A, 0), {A, A), (X, 0), (X, A) and (X, X) aU their identity maps, the inclusion 
maps and all their compositions. / : (X, ^4) — > (^) -B) G MorDTOPP{M), 
induces a map of every pair of the lattice of (X, A) into the corresponding 
pair of the lattice of (Y, B) . 

Definition 5.2 A subcategory C of DTOPP{N) is called admissible if the 
following conditions are satisfied. 

(1) If (X, A) e OhjC, then the lattice of (X, A) is in C. 

(2) If / : (X, A) — > (y, B) e MorC, then the induced maps on every 
pair of the lattice of (X, A) into the corresponding pair of the lattice 
of (F, B) is in MorC. 
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(3) lf{X,A) e 06jC, then (Xx [0,1], Ax [0,1]) G 06jC, and fori e {0,1}, 
gi : (X, A) — >{X X [0, 1], A x [0,1]) : x — > [x, i) G MorC. 

(4) Let P = {p} be a one point set. Then (P, 0) G ObjC, and for each 
(X, 0) G 06jC and each point a; G X, then (P, 0) — > (X, 0) : p — > 
X G MorC. 

(5) If (X,A),(F,P) G 06jC, X C F and A C P then the inclusion 

(X, A) — > {Y, B) G MorC. 

The subcategory of DTOPP{M) of all definably compact pairs over M 
is denoted by DCTOPP{M). For example DTOPP{M) and DCTOPP{M) 
are admissible subcategories of DTOPP{M). 

Definition 5.3 Let C be an admissible subcategory of DTOPP{M). A 
homology {H^,, d^,) = (P„, dn)n>o on C is a sequence of covariant functors 
Hn : C — > Ab for n > such that the following axioms hold. 

Homotopy Axiom. If /o, /i : (X, A) — > {Y, B) G MorC and there is a 
definable homotopy in C from /o to fi (i.e., there is P : (X x [0, 1], A x 
[0, 1]) — > {Y,B) G MorC, with F o g^ = fo and F o g^ = where for 
i G {0, 1}, gi : (X, A) — > (X x [0, 1], A x [0,1]) : x — ^ (x, i) G MorC), then 

i^n(/o) = Hnifi) : P„(X, A) ^ P„(r,P) 

for all n > 0. 

Exactness Axiom. There is a sequence of natural transformations dn '■ 
P„ — > P„_i o G, where C : C — > C is the functor (X, A) — > (^,0), 
such that for each pair (X, A) e C with inclusions i : {A, 0) — > (X, 0) and 
j : (X, 0) — >■ (X, A), the following sequence is exact. 

> H^A, 0) P„(X, 0) P„(X, A) ^ P„_i(A, 0) ^ ■ ■ • 

Excision Axiom. For every (X, A) G ObjC and every definable open 
subset P of X such that dx(U) C intx{A) and (X - P, A - P) G 06jC, the 
inclusion (X — U, A — U) — > (X, A) induces isomorphisms 

P„(X -U,A-U)^ Hn{X, A) 

for all n > 0. 

Dimension Axiom. If X is a one point set, then Hn{X,0) — for all 
n > 0. (The group Hq{X, 0), is called the coefficient group). 
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Notation: We will write X G OhjC for (X, 0) e OhjC, f : X — >Y e 
MorC for /(X, 0) — ^ (y, 0) e MorC and HniX) for 0). 

Definition 5.4 Two homologies {H^,d^) and {H'^,d'^) on C are isomorphic 
if there is a sequence of natural equivalences r„ : Hn — > H'^ for all n > 
such that 

Hn^,{X,A) ^ HM) 
for all (X, A) G 06jC and for all n > 0. 



Fact 5.5 (Eilenberg-Steenrod Theorem) Homology functors on DTOPP{M) 
with isomorphic coefficient group are isomorphic. 

Proof. The proof in can be adapted to show that the Eilenberg- 
Steenrod axioms characterise homology on DTOPP{M). □ 



5.2 O-minimal simplicial homology 



A. Woerheide | JWo|| defines simplicial homology on DCTOPP{M). Like in 



the case for simplicial homology over R, the main complication is defining 
the induced homomorphisms between the homology groups. The standard 
method, using repeated barycentric subdivision and the Lebesgue number 
property fails because (X, 0, 1, <, +, ■) may be non-archemedian. But the 
use of the method of acyclic models and the o-minimal triangulation theorem 
makes the construction possible. 

We give here a brief description of Woerheide's construction. First we 
need some basic terminology. 

Definition 5.6 Let K he a, closed simplicial complex in X". The sim- 
plicial chain complex {C^{K)^d^) is defined by: Ci{K) := Ai{K)/A'i{K) 
where Ai{K) is the free abelian group generated by the set of (/ + 1)- 
tuples (fo, . . . ,vi) and A'i{K) is the subgroup generated by the elements of 



18 



the form (t>o, . . . ,vi) — sgn{a){va{o), ■ ■ ■ ,Va{i)) where a is a permutation of 
{0, ...,/} and Vq, . . . ,Vi spans an /-simplex in K; and for I > 0, di is in- 
duced by the homomorphism {vq, . . . ,vi) — > Xl!=o(~-'-)*('^0' ■ ■ ■ ■ ■ y'^i)- 
We define do : Co{K) — > Z by "^aiVi — ^ '^cui, in this way we obtain 
an augmentation C^:{K) of C^:{K). Note that each Ci{K) is a free abehan 
group, and given any total order on the vertices of K, the set of all classes 
< vo, . . . ,vi >G Ci{K) such that vq < ■ ■ ■ < vi provides a basis for Ci{K). If 
{K, K') is a closed simplicial pair, then C*(fr') is a subcomplex of C^{K) and 
we define the relative simplicial chain complex C^:{K,K') := C^{K)/C^{K'). 
Note that C,{K)c^ C,(K,0). We define H,{K,K') := H,{C,{K, K')). 

For a closed simplicial complex K, let A{K) denote the category whose 
objects are closed simplicial subcomplexes of K and whose morphism are the 
inclusion maps. A map f : \K\ — > \L\ between the geometric realizations of 
closed simplicial complexes K and L is said to compatible if, for each simplex 
t E K, there is a simplex s E L such that f{t) C s. For each compatible 
map / : \K\ — > |L|, we define the functor A(/) : A(L) — > A(i^r) by 
A{f){L') = {teK : f{t) C \L'\}. Let C^: :A(L) — > Comp be the functor 
which sends a closed subcomplex L' of L to C^{L') and sends an inclusion 
L" — > L' to the inclusion C,{L") — > C,{L'). 

An easy application of the theorem on acyclic models for Comp (see 
[ |Wo|| ) shows that: (1) there is an augmented natural chain map between the 
functors Cf oA{f) and and any two are naturally chain homotopic; (2) if 
K is a closed simplicial complex and L) is a quasi-stratified triangulation 
of \K\ (i.e., after a linear change of coordinates its a stratified triangulation) 
such that \E'~^ : \L\ — > \K\ is compactible then every augmented natural 
chain map o A(^^^) — > Cf is a natural chain equivalence. The proof 
of (2) also involves the method of acyclic models to establish that if \K\ is 
convex then C*(L) is an acyclic chain complex (see ||Wo|| ). 

We are now recall Woerheide's definition of the o-minimal simplicial ho- 
mology. 



Definition 5.7 ^ Let / : {K, K') — y {L, Vy If / is compatible then 
there is an augmented natural chain map r : o A(/) — > C^, then 
chain map tl ■ C*(/r) — > C^.{L) induces a chain map tl : C^{K,K') — >■ 
C,{L,L'). Define H,{f) to be H,(tl). If / : iK,K') — > {L,L') is not 
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necessarily compactible, by the definable traingulation theorem, there is a 
quasi-stratified triangulation ($,M) of \K\ such that : \M\ — > \K\ and 
/ o : \M\ — > \L\ are compactible, so that and o $^^) are 

defined. On the other hand, by the above, every augmented natural chain 
map C^^ o A($^^) — > Cf is a natural chain equivalence. So is an 

isomorphism. Define H^{f) to be the composition if*(/o<|>~^) o (if^(<|)~^))~^. 



Its easy to see that iJ* is a well defined functor. 



Definition 5.8 fW^ For {X,A) e Oh]DCTOPP{U), let T{X,A) denote 
the set of all definable triangulations ($, K) of X which respects A, and 
for each i^') G T(X, A), i^' denotes the closed subcomplex of K such 
that ^{A) = \K'\. The n-th homology group Hn{X,A) is defined to be the 
subgroup of Il(^^K)eT{x,A)Hn{K, K') consisting of all elements a such that, for 
all ($i,Ki), ($2,^2) G T{X,A), we have ^(^a,/^^) = Hn{^2 o $r^)(a{$i,i^i)- 

Given / : (X, A) — > {Y, B) e MorDCTOPP{X) we define n-th in- 
duced homomorphism Hn{f) : Hn{X,A) — > Hn(Y,B) : a — > j3 where, for 
all {^,K) e T{X,A) and (^, L) e T{Y,B), we have = H^i^ 0/0 



The verification of the Eilenberg-Steenrod axioms is now easy and shows 
that: 



Fact 5.9 / |Fo|/ There is a homology {H^, d^) on DCTOPP{Af) such that if 
{X,A) G ObjDCTOPP{Af), {^,K) is a definable triangulation of X which 
respects A and K' is the subcomplex of K such that \K'\ = ^{A), then we 
have isomorphisms rcli''^^ : Hn{X,A) — > Hn{K,K') for all n > and such 
that zf f : (X, A) — > {Y, B) G MorDCTOPP{X) and (^, L) is a definable 
triangulation ofY respecting B and such that \L'\ = ^{B), then 



Hnif) 



H^iX.A) H^iY.B) 

(<S>,K) 
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5.3 O-minimal singular homology 

A. Woerheide ||Wo|| also defines singular homology on DTOPP{M). In this 



case the construction is essentially the same as for the standard singular 
homology, only with the word "definable" added here and there. But, for the 
same reasons as above the standard proof of the excision axiom fails, and the 
difficulty is avoided by the use of the o-minimal triangulation theorem and 
the results obtained while constructing the simplicial homology. 

Definition 5.10 The standard n-simplex over A^, A" is the convex hull of 
the standard basis vectors Cq, . . . , e„ in A^"+^. Let the standard (— l)-simplex 
A"^ be the empty jet. Let X G ObjDTOP{J\f) be a definable set. For 
n > —1, we define Sn{X) to be the free abelian group on the set of definable 
continuous maps a : A" — > X (the (singular) n-simplexes in X) and for 
n < —1, we define Sn{X) = 0. Note that S-i{X) = Z. The elements of 
Sn{X) are called the n-chains. 

For n > and < i < n let e" : A"^^ — > A" be the continuous definable 
map given by ef{J2i~Q ajej) := X^j^i ^j^j- Let Cq : A^^ — > A° be the unique 
map. We define the boundary homomorphism (9„ : Sn{X) — > Sn-i{X) to 
be the trivial homomorphism for ri < and for n > 0, (9„ is given on basis 
elements by 

n 

dn{a) :=5^(-l)Voer. 

One verifies that 9^ = and so (^^.(X), d) is a chain complex, the augmented 
singular chain complex. 

Given {X,A) e ObjDTOPP{N), then the relative singular chain com- 
plex (S'*(X, A), d) is the quotient chain complex (S'*(X)/S'*(A), d). We define 
the singular chain complex S^{X) to be ^^(X, 0). 

For / : (X, A) — > {Y, B) E MorDTOPP{M), we have an induced chain 
map /jj : S^{X,A) — > S^,{Y,B) given on the basis elements of ^^(X) by 
/tt('^) = / ° CT- We get a sequence of functors Hn : DTOPP{N) — > Ab by 
setting H^{X,A) := Hr,{S,{X,A)) and H^{f) := H^{f^). We set #„(X) : = 
Hn{S,{X)) and H^{X) := i/„(X,0). 
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Definition 5.11 Let X C N"^ be a convex definable set and let p G X. The 
cone construction over p in X is a sequence of homomorphisms S^{X) — > 
z — > p.z defined as follows: For n < — 1, p. is defined as the trivial 
homomorphism and for n > —1 and a basis element a, P-cr(Y17=o P 
to = 1 or top + (1 - to)f^(Er=i' T^e*) if 7^ 1- 

Given definable sets X, Y and Z, let F{X, Y) denote the free abelian 
group on the set of all definable continuous maps from X into Y. Given 
a — X^jSjCKj e F{X,Y) and (3 = J^j'^jPj ^ ^0^:^), we define the sharp 
operator by 

P^a := Yl ^MPj ° «0 e F{X, Z). 

Note that (i is associative, and since S^{X) = F(A", X), every z G 5'*(X) 
yields a chain map ^ 'S'*(A"') — >■ 

Definition 5.12 Let X be a definable set. The barycentric subdivision Sdn '■ 
Sn{X) — > Sn is defined as follows: for n < —1, Sdn '■ >S'*(X) — > S^{X) is 
the trivial homomorphism, Sd-i : ^_i(X) — > S-i{X) is the identity and 
for n > 0, Sdn{z) :— ztt(&„.5'dn_i9lA"), where hn is the barycenter of A". 

Note that Sd^ is the identity and Sdn is natural i.e., it commutes with 
: Sn{X) — > SniY). Some lemmas on the cone construction and the sharp 
operator show that Sd = {Sdn)nGZ is a chain map — > 

Definition 5.13 Let be a closed simplicial complex in N"^. We define 
the chain map tk '■ C^{K) — > by setting tk = Iz '■ C-i{K) — > 

S_i{\K\) and for n > 0, Tk{< Vq, . . . ,Vn >) := cr where a : A" — > \K\ is 
such that cr{Yli=o^i(^i) = ZlLo^i'^j- 

Definition 5.14 Let {^,K) be a definable triangulation of A" compatible 
with the standard simplicial complex of E'^\ Let X be a definable set. We 
define the subdivision operator Sdf : Si{X) — )• Si{X) where i < n by: 
Sd^i — Iz and for < i < n, 

Sdf{z) := {Sdz)i{'y^)i{^-^)iTKFn < en-i, • • • , e„ > 
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where F„ : C^{E^) — > Ct,{K) is the chain map induced the unique (up to 
natural chain homotopy) augmented natural chain map C^" — *■ o A 
($~^), and 7" : A" — > A' is defined by 

j=0 j=0 

Its clear from the definition that Sdf is natural. A simple computation 
shows that Sd^ := (Sdf) 

i<n is a natural partial chain map ^ *S*:^; of 

order n. The proof of the theorem on acyclic models shows that there is a 
natural partial chain homotopy between the subdivision operator Sd^ and 
the restriction of the identity natural chain map 1* : 5** — > S^. This 
latter fact together with the result that says that given a definable set X 
with definable open sets U and V such that X = UUV,ifzG Sn{X) 
then there is a definable triangulation ($, K) of A" compatible with such 
that Sd^{z) G Sn{U) + SniV) implies the excision axiom for the singular 
o-minimal homology, and therefore: 

Fact 5.15 ^Wc\] The sequence H = {Hn)n&i of functors defined above is a 
homology for DTOPP{M), called singular homology. 

5.4 Some properties of homology 

Like in the classical case, we have the following results which are consequence 
of the axioms for homology. 

Remark 5.16 Consider the diagram in DTOPP{M): 

A ^ X 

|U |U 

A ^ X. 

We have a definable weak retract ii [roi] = [1^] (i.e., the map roi is definably 
homotopic to the map 1^); a definable retract if r o i = 1^; a definable 
weak deformation retract if [r o i] = [1^] and [i o r] = [Ix]] and a definable 
deformation retract if r o z = 1^ and [z o r] = [Ix]- 
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If i : A — > X is a definable (weak) retract, then the exactness axiom im- 
phes for all n that -ff„(X) ~ ©if„(X, A) (we have kerr^ = -ff„(X, A).) 

If i : A — > X is a definable weak deformation retract then for all n > 0, 
HniX, A) = 0. In particular, H^iX, X) = for all n > 0. 



Theorem 5.17 Let X E ObjDTOP{J\f), then Hg{X) is finitely generated 
for every q >0, Hg{X) = for all q > dimX =: m, Hm{X) is a free abelian 
group (possibly trivial) and Hq{X) = J}- where k is the number of definable 
connected components of X. Moreover, H^{X) is invariant under taking 
elementary extensions or substructures of M that contain the parameters over 
which X is defined and under taking expansions and reducts of M on which 
X is definable. 



Proof. Note that by remark p.l6| and since by proposition 3.3 in chapter 



8 of |[vdd|| X is a definable deformation retract of some Y G DCTOP{N'), we 
may assume that X G DCTOP{M). Let ($, K) be a definable triangulation 
of X. Then Hq{X) = Hq{K) which by theorem 7.14 is finitely generated 
for every q > 0, Hq{X) = for all q > dimX =: m, Hjn{X) is a free abelian 
group (possibly trivial). The fact that Hq{X) = where k is the number 



of definable connected components of X is proved in theorem 4.14 [ro]. □ 



Fact 5.18 (Hurewicz Theorem). Suppose that X zs a definable manifold. 
Then 7ri(X, a;)/7ri(X, a;)^^) ~ Hi{X). In particular, 7ri(X, x)/7ri(X, a;)(^) zs 
finitely generated with finitely many relations. 

Proof. See theorem 4.29 Q (on lemma 4.26 @ instead of the function 
u : [0, 1] — > given by u{t) = e^'^**, use any definable continuous v : 
[0, 1] — > such that f (0) = f (1) and such that f |[o,i) is a bijection of [0, 1) 
and S^). ' □ 

Note that the excision axiom is equivalent to the following: for all X G 
DTOP{Af) and all Xi, X2 subsets of X such that X = mtx(^i) Umtx(^2), 
the inclusion (Xi,Xi fl X2) — > (X, X2) induces isomorphisms 

if„(Xi,XinX2) ^/f„(x,X2) 

for all n > 0. 
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Fact 5.19 (Mayer-Vietoris) Consider the commutative diagram of inclu- 
sions in DTOPP{M) 

(Xi n X2, z) ^ (Xi, z) ^ (Xi, Xi n x^) 

(X2,Z) ^(X,Z)^ (X,X2), 

where X^.X^.Z C X with X = intx{Xi) U intxiXi) and Z C Xi n X2. 
Then there is an exact sequence for all n 

Hn{X, n X2, Z) ^'^-^ i^„(Xi, Z) © i7„(X2, Z) H^{X, Z) ^ 

^iJ„_i(XinX2,z) 

TOt/i D = l^dh^^q^, where d is the connecting homomorphism of the pair 
(Xi, Xi n X2) and / : (Xi n X2, 0) — > (Xi n X2, Z) is the inclusion. 

Fact 5.20 (Exactness Axiom for triples). If we have inclusions 

{A, 0) A {A, B) A (X, B) ^ (X, A) 
in DTOPP{M), then there is an exact sequence for all n & N 

. H^{A, B) % i^„(X, B) h HniX, A) H^-M, B) ^ . 

Definition 5.21 Let (X, A) G DTOPP{U) and let G be an abelian group. 

The singular chain complex {S^{X, A; G), d^) with coefficients in G is defined 
as Sn{X, A- G) ■= Sn{X, A)®G and := (9„®1. For / : (X, A) — > {Y, B) e 
MorDTOPP{Af), we have an induced chain map : S^:{X, A; G) — *• 
S^{Y, B] G) given on the basis elements by f^{a ® (?) = {f o a) ® g. We 
have in this way a sequence of functors ; G) : DTOPP{M) — > Ah by 
setting i7„(X, A- G) := H^{S,{X, A- G)) and := 

Below, Tor = Tor^ where for a ring R, Tor^ is the torsion functor, and 
for i?-modules A and B, Tor^{ , B) measures the failure of functor ®_r-B to 
be exact. Thus, if — > C — > F — > A — > is a free resolution of A, then 

Tor^{A, B) = ker{G 0r B — > F0rB). 



We have the following result. For a proof see theorem 9.32 |ro|. 
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Fact 5.22 (Universal Coefficients Theorem for Homology). For every X G 
OhiDTOP{M) and for all n > 0, there are canonical exact sequences 

O^H^{X)0G^H^{X;G)-^Tor{Hn-i{X),G)^O. 

These sequences split, that is there are canonical isomorphisms Hn{X;G) ~ 
Hn{X)^G(BTor{Hn-i{X),G). In particular, if Kp is afield of characteristic 
p (a prime or zero) then we have an isomorphism Hn{X] Kp) ~ Hn{X) ®Kp 
iff H^{X) is p-torsion free. 

Theorem 5.23 (Kiinneth Formula for Homology). Let R be a principal ideal 
domain. For every X,Y E ObjDTOP{M) and for all n > 0, there are 
canonical exact sequences of R-modules 

^ Yl ^^(^5 ^) ®« ^^(^5 ^) ^ ^"(^ X F; i?) ^ 

i+j=n 

^ J2 Tor''{HpiX;R),H,{Y;R))-^0. 

p+q=n—l 

These sequences split, that is there are canonical isomorphisms 
Hr,{X X F; /?) ^ H^{X■ R) ®r Hj{Y; R)® 

i+j=n 

© Y Tor\Hp{X;R),Hg{Y;R)). 

p+q=n~l 

In particular, if H^:{X] R) or H^^iY; R) is a finitely generated free R-module, 
then the homology (external) cross product a" is an isomorphism of graded 
R-modules. 

Proof. We include here a proof for the case R = Z. For the general case 
see proposition 2.6 0. By the Eilenberg-Zilber theorem (see theorem 9.33 
0) there is a natural chain equivalence ( : S^,{X x Y) — > S^{X) ® S^{Y) 
which induces isomorphisms Hn{X x F) ~ if„(S'*(X) (g) ^^(F)) for all n > 0. 
Here, S^,{X) ® S^{Y) is the chain complex with 

(5,(X)®5,(F))„= J2 S^{X)^S,{Y) 

i+j=n 
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and whose differentiation Dn : {S^{X) S^(Y))n — > {S^{X) ® S^{Y))n-i is 
defined on the generators by 

Dn{ai ® bj) = dai ® bj + (— l)*aj (g) dbj, i + j = n. 



The Kiinneth theorem (see theorem 9.36 Q), gives a spht exact sequence 
with middle term Hn{S^:{X)^S^{Y)) and the Eilenberg-Zilber theorem iden- 
tifies this term with Hn{X x Y). Here a" is given by 

a"{{clsai) ® (dsbj)) := ds{('{ai ® bj)) =: clsai x clsbj 

where C,' is the inverse of an Eilenberg- Zilber chain equivalence C- 

By theorem 12.25 |^], the Eilenberg- Zilber chain equivalence C : >S'*(X x 
Y) — > 5'*(X) ® S^{Y) can be defined as the Alexander-Whitney map 

Ua) := ^'K®cr"fi], 

i+j=n 

where a : A" — > X x Y and a' = vrV, cr" = vr'V (and where vr', vr" are 
the projections of X x F onto X, y, respectively). And for < i < n, the 
(affine) maps A",/i" : A* — >■ A"- are given by 

i in 

and 

i n-i n.-(i+l) 

i=o i=o i=o 

□ 



For the proof of the next fact see proposition 2.6 0. 

Fact 5.24 The homology cross product satisfies the following properties: (1) 
{fxg)^{axf3) = (/*a) X (c/,/3) (naturaUty); (2)t^{axl3) = (-l)'^^3ade3/3^ ^ a 
(skew-commutativity) where t : X x Y — > F x X commutes factors; (3) 
(a X /5) X 7 = a X (/5 X 7) (associativity); (Ji.)lxa = axl = a (unit 
element). 
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Remark 5.25 Note that all the results presented in this subsection can be 
generalised to relative homology. More precisely, we have a relative version 
of the universal coefficient theorem, the Kiinneth formula with corresponding 
cross product. For details see 0]. 

6 Cohomology 
6.1 Cohomology 

Definition 6.1 Let G be an abelian group. Suppose that C is an admissible 
subcategory of DTOPP (A/"). A cohomology {H*,d) = (i/",rf")„>o on C with 
coefficients in G is a sequence of contravariant functors ;G) : C — > Ah 
forn > satisfying the axioms dual to those satisfied by a homology functor. 
We denote by H''{X, A- G) the image of {X, A) e OhjC under i/" and by 
G) the image of (X, 0) G OhjG under H''{ ; G). 

A. Woerheide constructions together with classical arguments (see chap- 
ter 12 of 1^]) show that there exist simplicial cohomology functor for the 
category DGTOPP{M) and singular cohomology functors for the category 
DTOPP{M). 

Definition 6.2 For a fixed abelian group G, recall that Hom{ ,G):Ab — > 
Ah is a contravariant functor. For {X,A) G OhjDTOPP{f/), we have 
the augmented singular cochain complex {S*{X; G), 6) with coefficients in G, 
where S'^{X;G) := Hom{SniX),G) and 5" := Hom{dn+i,G). We also have 
the relative singular cochain complex {S*{X, A; G), 6) with coefficients in G 
given by ^"(X, A; G) := Hom{Sn{X, A), G) and 5" := Hom{dn+i, G). Given 
/ : (X, A) — > (y, B) G MorDTOPP{M) we have a chain homomorphism 
/« : S*{Y, B- G) A- G) given by /« := i/om(/„, G). 

The singular cohomology functors \ G) : DTOPP{M) — > Ah with 
coefficients in G are given by G) := A; G)) and := 

We set H'^iX-^G) := //"(5*(X;G)) and H''{X;G) := i7"(X,0;G). 
As usual, m{X) := i7"(X,Z). 

We now list some properties of the (singular) cohomology groups. There 
are analogue results for homology groups, and the proofs are obtained by 
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taking their "dual". For fact |6.3| see theorem 12.11 Q and for fact ^]4| see 
theorem 12.15 Q. 

Below, Ext{ , ) is the extension functor defined as follows. Let A and B 
be abelian groups and consider a free resolution — > R — > F — > A — > 
of A (i.e., F is a free abelian group). Then 

Ext{A, B) = coker{Hom{F, B) — > Hom{R, B)), 

so that Ext{ , B) measures the failure of Hom{ , B) to be exact. 

Fact 6.3 (Dual Universal Coefficients). For every X G OhjDTOP{M) and 
for all n>{], there are canonical exact sequences 

^ Ext{Hn-i{X), G) H"{X; G) 4 Hom{Hn{X), G) ^ 0. 

These sequences split, that is there are canonical isomorphisms H^[X] G) ~ 
Hom{Hn{X), G) © Ext{Hn-i{X), G). In particular, if Kp is a field of char- 
acteristic p, then for alln > Q, H'^{X]Kp) ~ Hom{Hn{X), Kp) iff H^{X) is 
p-torsion free. 

Fact 6.4 (Universal Coefficients Theorem for Cohomology). For every X e 
OhjDTOP{M) and for all n > 0, there are canonical exact sequences 

^ //"(X) ® G A H'\X; G) ^ Tor{H''+\X), G) 0. 

These sequences split, that is there are canonical isomorphisms H"-{X; G) ~ 
H'^{X)®G®Tor{H'^^^{X).,G) . In particular, if Kp is a field of characteristic 
p, then for all > 0, H^{X] Kp) ~ H^{X) ® Kp iff H^{X) is p-torsion free 
(equivalently iff H*{X) is p-torsion free). 

Recall that a ring R (resp., an algebra over a ring S) is a graded ring (resp., 
graded S'-algebra) if there are additive subgroups (resp., S-submodules) i?", 
n > such that R = J2n>o^"^ (direct sum of additive subgroups (resp., 
S'-submodules)) with a homomorphism R® R — > R (called multiplication) 
of graded additive subgroup (resp., S'-modules) such that R^R"^ C 
A unit is an element 1 G -R° such that Ir = rl = r for all r & R. The 
multiplication is associative if a{bc) = {ab)c for all a,b,c & R. If x G -R" we 
say that x is homogeneous of degree n, we denote this by deg{x) = n. If 
X = Xi + ■ ■ ■ + Xfc, with Xi G -R"' we define the degree of x to be deg{x) : = 
Yl^=i deg{xi). The multiplication is skew-commutative if ah = (— l)'^<^s'^"'^fi'^5a 
for all a,b E R. 
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Definition 6.5 The product of c G Sn{X,A;G) and a G ^"(X,A;G) de- 
fined by (cT, c) := cr(c) satisfies {Sa,c) = {<J,dc) and hence induces the Kro- 
necker product 

( , ) : H^{X, A; G) ® H^{X, A; G) G. 



Theorem 6.6 Let R be a commutative ring. For every X G ObjDTOP{J\f), 
H*{X;R) = X]n>o -^"("^i ^'^ ^ graded R-algebra with a canonical multi- 
plication (called cup product) U : H*{X] R) ® H*{X] R) — > H*{X; R) satis- 
fying: 

Moreover, H*{ ]R) is a functor from DTOP{M) into the category of graded 
skew- commutative (associative) R-algebra with unit element. 

Proof. The cup product U : x — > 5"+™(X,i?) is 

defined by 

(c,0Ue) := (cAr™,0)(c/ir'™ 

Here and through (c, 0) := 0(c). Lemma 12.19 Q shows that S*{X,R) is a 
graded i?-algebra under cup product, corollary 12.21 Q shows that S*{ ,R) 
is a contravariant functor from DTOP{M) into the category of graded R- 
algebras. Lemma 12.22 Q and theorem 12.23 Q shows that U can be 
defined on i7"(X, R)xW{X, R) — > R) by cls(j)Uclse := cls{(t)Ue) 

and H*{ , i?) is a contravariant functor from DTOP{Af) into the category of 
graded i?-algebras. 

Theorem 12.26 Q shows that the cup product is the composite A^f^^vr, 



where A : X — > X x X is the diagonal and 

TT : S*{X, R) ® S*{Y, R) — > Hom{S,{X) ® S^Y), R) 

is defined as follows: If G S"(X,/?) and 9 G S"'{Y,R), then there is a 
function S"(X, R) ® S'^iY, R) — ^ Hom{Sn{X) ® R) by (0 ® — ^ 

( ,(j)®9), where {a ^T,(f)<^9) = {a, 0) (r, ^) . Since this function is bilinear, it 



extends to the homomorphism n. This is used in theorem 12.29 |Q to show 



the skew-commutativity. □ 
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Remark 6.7 The same proof also shows that we have the following relative 
cup products: 

U : H*{X, A; R) ®r H*{X; R) — > H*{X, A; R); 

U : H*{X; R) Or H*{X, A; R) — > H*{X, A; R); 

U : H*{X, A; R) Or H*{X, A; R) — > H*{X, A; R). 

satisfying the above properties. They are interrelated via the homomor- 
phism j* : H{X,A;R) — > H*{X;R). The relation with d* : H*{A;R) — ^ 
H*+\X,A;R) is given by d*{a U = d*a U (3, for a G Hp{A;R), (3 G 
H^iX; R), where i* : H*{X; R) — ^ H*{A; R). 

Theorem 6.8 (Kiinneth Formula for Cohomology). Let R be any principal 
ideal domain. For every X,Y E ObjDTOP{Af) and for all n > 0, there are 
canonical exact sequences of skew-commutative (associative) R-algebras with 
unit 

^ ^ H\X; R) Or W{Y; R) ^ xY;R)^ 

i+j=n 

J2 Tor^{H\X-R),H\Y-R))^Q. 

p+q=n+l 

These sequences split, that is there are canonical isomorphisms 
H^iX X y; i?) ~ H\X- R) Or W{Y- R)® 

i+j=n 

© ^ Tor\H%X-R),H\Y-R)). 

p+q=n+l 

In particular, if H*{X] R) or H*{Y; R) is a finitely generated free R-module, 
then the cohomology (external) cross product a' is an isomorphism of graded 
skew-commutative (associative) R-algebra with unity element. 



Proof. See theorem 12.16 Q and theorem 12.31 |ro|. The cross product 
homomorphism a' is determined by the (external) cross product homomor- 
phism 

: S*{X, R) O S*{Y, R) — > S*{X X Y, R) 
(it is common to write (j) x 9 for (^rr^cp O 9) and also (j) x 9 for a'{(f) ®9)). □ 
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Remark 6.9 The cohomology cross product satisfies the dual properties of 
those satisfied by the homology cross product. Moreover, it also satisfies the 
following : {ax (3,a xt) = {—lY^'^rdega ^ cr)(/?, r) (duality). For details see 
chapter VII section 7 in Q. 

Remark 6.10 Note that, the cohomology cross product is related to the 
cup product hj a X P = p\a U where px '■ X x Y — > X and py : 
X xY — > Y . This can be use to prove relative versions of the Kiinneth 
formula for cohomology. 

The following two results are proved just like in the classical case. 

Theorem 6.11 Let R he a commutative ring. For all X e OhjDTOP{M), 
H^,{X;R) is graded (right) H*{X; R) -module under the bilinear pairing 

n : Hp+,{X; R) x H^{X; R) H,{X; R) 

called the cap product. Furthermore, the cap product satisfies the following 
properties: (1) {a H /?,7) = U 7) (duality); (2) for f : X — > Y G 

MorDTOP{M), we have f^{a n /*/?) = (naturality). 

Proof. The cap product is induced by fl : Sp+g{X, R) x S^i^X, R) — > 
S,{X,R) give by 

(d ® r) n c := aA^+'' ® r(a/i^+^ c). 
For details see theorem 66.2 and also corollary 24.22 0. □ 

Theorem 6.12 There is a bilinear pairing 

I : W^\X xY,R)x Hp{X, R) — > H^iY, R) 

called the slant product which satisfies: (1) {l3,'y/a) = (a x /3,7) (duality); 
(2) l/a = (a, 1)1 (umts); (3) for f : X — ^ X' G MorDTOP{M) f '.Y — > 
Y' G MorDTOP{N) we have (/ x g)*{'-f)/a = g*{'j/f*a) (naturality) and 

(4) [(C X /3) u 7]/« = (-i)^(p+^+'-^)/3 u [7/a n C]. 
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Proof. For details see (29.19), (29.20), (29.21), (29.22) and (29.23) in 



Remark 6.13 Note that as for the homology case, all the results presented 
in this subsection can be generalised to relative cohomology. More precisely, 
we have a relative version of the Mayer- Vietoris sequence, the universal coef- 
ficient theorem, the Kiinneth formula with corresponding cross product. We 
also have cup products, cap products and slant products for the relative case. 
For details see Q or [§. In subsequent sections we will need the following 
versions of cap products: 

n : Hp+g{X, A; R) x HP{X, A; R) — > Hq{X; R) 

and 

n : Hp+g{X, A; R) x HP{X; R) — ^ Hg{X, A; R). 

7 The Euler characteristic 
7.1 Hopf algebras 

A graded skew-commutative associative -R-algebra H = J2k>o with unity 
element is called a quasi Hopf R-algebra if each H'' is a finite dimensional 
i?-module and there is a degree preserving i?-algebra homomorphism fi : 
H — > H®rH called comultipUcation, for which ^i{H^) C Ylii+j=k H^'^rH^ . 
A quasi Hopf i?-algebra H = X]fc>o connected if is an i?-algebra 

of dimension one with generator e and the map e : H — > R, defined by 
e(e) = 1 and e{h) = for all h G H'^ with > 1 is a co-unit i.e., for all h ^ H, 
(e ®_R l)/i(/i) = h 1 and (1 ^)l^ih) = 1 ^r h. A quasi-Hopf algebra H 
is called an Hopf algebra if /i is associative i.e., (/i ®r l)yU = 1 ®r /i)/i. yU is 
called commutative iiT o jj, = fj, where T{x ®r y) = (— l)'^^5(^)'^^s(2')|/ (g)^ y. 

An example of a connected Hopf i?-algebra, is the free, skew-commutative 
graded Hopf R-algebra 

R[xi, . . . , Xfc, . . .] ®i? /\[yi, ...,!//,.. 
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where the Xj's are of even degrees and the y/s are of odd degrees, and we 
have the relations: 

and the number of Xi and Uj of each degree is finite. In view of the freeness 
of this algebra, comultiplication is determined by its values on the generators 
Xi and uf 



= Xi®Rl + l ®R Xi + 




Up ®R u, 



deg{up)+deg{uq)=deg[xi) 

and 

f^iVj) = 1/j ®Ji 1 + 1 ®fl Uj + ^ Upl^R Ug. 

deg{up)+deg{ug)=deg{yj) 

Fact 7.1 (Theorem 7.6 IdfiH ) If R is a field of characteristic zero, then a 
connected Hopf R-algebra is a free, skew- commutative graded Hopf R- algebra. 

We also have the following result: 

Fact 7.2 (^ml{] chapter VII, corollary 1.4)- Let H be a quasi Hopf algebra 
over a perfect field Kp of characteristic p. Then we have the following ring 
isomorphisms: 

(1) For p = 0; ~ ((S^a Ak^l^'o) ® ((S)/3 -^ok/j]), where degXa is odd and 
degxp is even. 

(2) Forp = 2; ~ {®a^^[^»\/i^a")) ® (0/3 -^2 [a^/?]), where ha is a power 
of 2. 

(3) Forp ^ 0,2; H ^ ((8)„AK];^J ® {NpKp[xp\) ® {^^Kp[x^]/ {x'^^), 
where degXa is odd, degxp and degx^ are even, and h-y is a power of p. 

Here, if diniH < oo, then there is no term of Kplxp]. 

Definition 7.3 Let (X, e, m) be a definable H -manifold i.e.., X is a definable 
manifold with a continuous definable H -multiplication m : {X x X, (e, e)) — *• 
{X, e) and a H-unit e E X such that [m o i]\ = [Ix] = [m o 12] where 
ii,i2 : X — > X X X are the inclusions ii{x) := (x, e) and i2{x) := (e, x). We 
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say that m is definably H- commutative if [m] = [mot] (where t : X x X — > 
X X X commutes factors); m is definably H -associative if [m o (m x l^)] = 
[m o [Ix X m)]. A definable if-manifold {X,e,m) is a definable H-group if 
m is if-associative and has an H -inverse i.e., a definable continuous map 
L : X — > X such that [mo x Ix) o Ax] = [e] = [mo [Ix x l) o Ax] where 
Ax : X — y X X X is the diagonal map. 

A definable continuous map / : {X, e) — > {X', e') between definable H- 
manifolds (resp., definable if-groups) (X, e,m) and (X',e',m') is called a 
definable H-map (resp., iiT-homomorphism) if [hom] = [m' o (h x h)] (resp., 
also [ho l] = y oh]). 



Fact |7!1| together with the Kiinneth formula gives the following result. 



Theorem 7.4 Let X e OhjDTOP{M) and let R be either a field or Z m 
which case we assume that Hn{X) are all free abelian groups. If X is a 
definably connected definable H -manifold (in particular, if X is a definable 
group) then H*{X]R) is a connected quasi Hopf R- algebra. Moreover, if R 
is a field of characteristic zero, then H*{X]R) is isomorphic to the finitely 
generated free exterior R- algebra /\[yi, . . . , yr]R and therefore comultiplication 
is given by fi{x) = x ®i? 1 + 1 ®i? x. If Kp is a field of characteristic p then 
graded Kp-algebra H*{X; Kp) is given in fact 17.4 



Proof. For the fact that H*{X; R) is a connected quasi Hopf i?-algebra 
see the proof of theorem 12.42 Q and the remark that follows it. Note that 
comultiplication fi is given by fi := {a')~^ o m*. 

By fact [7.1| , if i? is a field of characteristic zero then H*{X;R) is iso- 
morphic to a free, skew-commutative graded Hopf i?-algebra. If there were 
any free generators Xi of positive even degree, then there would be elements 
of arbitrary high degree and this is impossible since for n > dimX we have 
H"-{X;R) = 0. Therefore, H*{X;R) is isomorphic to the finitely gener- 
ated free exterior i?-algebra /\[yi, . . . ,yr]R and comultiplication is given by 
H{x) = X ®r1 -\- 1 ^rX. □ 

Let X be as above. We call r the rank of X and denote this by r = 
rank{X). Also for each i = l,...,r, Qi := degyi and we write yij instead of 
Vi if 9i = 3- 



We will now prove the dual of theorem ^TA. 
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Theorem 7.5 Let R be a commutative ring. Then H^,{ ; R) is a covariant 
functor from the category of definable (resp., definable H -commutative, H- 
associative) definable H -manifold into the category of graded (resp., skew- 
commutative, associative) R-algebras with unit element. 

If {X, e, m) be a definably connected definable H-commutative and H- 
associative definable H -manifold of finite type, and R is either a field or 
Z in which case we assume that Hn{X) are all free abelian groups. Then 
H^{X;R) is a connected quasi Hopf R- algebra. Moreover, if R is afield of 
characteristic zero, then H^{X; R) is isomorphic to the finitely generated free 
exterior R-algebra /\[yi, . . . ,yr]R and therefore comultiplication is given by 
/i(x) = X ®r1 + 1 (^rX. 

Proof. Let {X, e, m) be a definable if-manifold. The multiphcation in 
H^{X; R) is called the Pontrijagin product and is defined by a" o m^,. For 
details see chapter VII section 3 in [^. Co- multiplication in the other case 
is given by {a")~^ o Ax* (for details see chapter VII section 10 in 0). □ 



7.2 The Euler characteristic 

Definition 7.6 Let X G ObjDTOP{X), f : X — > X E MorDTOP{M) 
and let i? be a commutative ring. Suppose that dimX = m. The Lefschetz 
number of f over R is defined by \{f;R) := X]ilo(~-'^)*'^^ where trf* is 
the trace of the i?-module homomorphism /* : H*{X; R) — > H*{X; R). We 
denote A(/; Q) by A(/). 

Fact 7.7 (Hopf Trace Theorem) 

m m m m 

5^(-i)^tr/„ = Y^i-iytrf,^ = Y^i-iytrf! = Y^hiytrf:. 

i=Q i=0 1=0 i=0 

Proof. For the first equality see lemma 9.18 [Q, for the last equality 
see theorem I.D.2 |0 and for the second equality see corollary I.D.3 0. This 
shows that A(/; i?) is an integer and is independent of R. □ 

Recall that the o-minimal Euler characteristic E{X) of a definable set X 
of dimension m is defined by E{X) := X]Iio(~^)*'^« where for each i, at is 
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the number of cells of dimension i in a cell decomposition of X. This number 
does not depend on the chosen cell decomposition. 



Theorem 7.8 If X e ObjDTOP{Af) then E{X) = X{lx) = Er=o(-lF^P 
where, bp := dimQHP{X]Q) are the Betti numbers. 

Proof. By the triangulation theorem, we can assume that X = \K\ for 
a simplicial complex K. Its clear that E{X) = X]^o(~-'-)^'^p where for each 
p, ttp is the number p-simplexes in X. There is a canonical chain equivalence 
j'd : C^,{K) — > S^{\K\) and for each p the rank of the Z- module Cp{K) is 
exactly Op and so ^^o(~1)^'^p ~ The other equality is clear. □ 



We now combine theorem 7^ with theorem 7^ to prove the following 
result. 

Theorem 7.9 Let G be a definably compact definable group and for each 
k > 1 let pk : G — > G be given by Pk{x) := x'' , po{x) = 1 and p-k{x) = 
(x^'^)''. Then there is r > such that for all I G Z, \{pi) = (1 — /)''. In 
particular, E{G) = 0. 

Proof. By theorem |7.4| , H*{G; Q) is isomorphic to the finitely generated 
free exterior Q-algebra /\[yi, . . . ,yr]Q and therefore comultiplication is given 
by fj,{x) = x®q1 + 1®qx. An induction on k shows that {pk)*{x) = kx 
for X G . . . , yr} (use the fact that if A : G — > G x G is the diagonal 
map, then {pk+i)*{x) = A*{{pk)* (8>q for details see theorem F.l 

chapter III in |B[) and therefore, if Xi = yi^- ■ -yi^ is a generating monomial 
for H*(G;Q) then {pk)*{xi) = k^^'^'^^^^Xi where len(xi) = u. This implies that 
\{pk) = -)- 1 where the sum is taken over all monomials 

Xi generating H*{G;Q). Since y/s have odd degrees, we have (^—ly^sM = 
(^—iyen{xi) ^ Using this, a simple calculation shows that X{pk) = (1 ~ ^)"- For 
negative k use the same argument together with the fact that l*{z) = (— 1)^^ 
for all z G Hp{G; Q) where l is the inverse in G. The case A; = is trivial. 



It will follow from remark 18.101 that r > 0. □ 



Combining theorem |7.9| , the main theorem of together with results 
from M we get. 
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Corollary 7.10 If G is a definable abelian group such that E{G) = then 
for each k > 1 the subgroup {x ^ G : kx = 0} of k-torsion points is finite 
and non trivial. 

Proof. The fact that the subgroup {x G G : /cx = 0} of /c-torsion points 
is finite and non trivial follows from proposition 6.1 [|] and lemma 5.11 [|]. 
□ 



Corollary 7.11 (1) A definable solvable group has Euler characteristic zero 
if and only if it has a definably compact part. (2) If G is a definable group 
such that E{G) = then it has a definable abelian subgroup H ^ 1 such 
that E{H) = 0. (3) Maximal definably compact definably connected definable 
abelian subgroups of a definable group are conjugate. 



Proof. (1) follows from the main theorem of and theorem |7.9| . (2) is 



lemma 2.9 [|] and (3) is corollary 5.19 ^ since by (1) and corollary 5.17 [H 
"maximal tori" (in the sense of are exactly maximal definably compact 
definably connected definable abelian subgroups. □ 



8 Orientable definable manifolds 

Through this section, X = (X, (Xj, (piji^i) is a definable manifold of dimen- 
sion n. 

8.1 Lemma on definable triangulation 

Since X if affine, X C for some k and so we can definably triangulate 
the definable set X. But below we will be interested in a special definable 
triangulation of X compatible with the definable charts (Xj, We make 

this notion precise in the following definition: 

Definition 8.1 Let Ai, . . . , An, B, Z be definable subsets of X. Let / = 
{1, 2, . . . , k} be a numbering of /. Define inductively (X,', (\E'i, Mi), Xj)) 
for z G / by: X[ = Xi, (\E'i,Mi) is a definable triangulation of 0i(Xi) 
compatible with the definable subsets 0i(Xi flXj), 0i(Xi HAi) and (f>i{Xi fl 
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Xj n Ai) for all / G {1, . . . ,n} and all j e h, and ($i, Ni) = (^i, Mi); let 
X'-^.^ := \U{C : e Ni, r = l,...,i} and be (^i+i, Mj+i) be a definable 

triangulation of compatible with the definable sets fl 

Xj), 0j+i(X'+i n and 0j+i(X^'^;^ n Xj n A;) for alU e {1, . . . , n} and all 
j G /j+i and such that (<l>j+i, Xj+i) which is equal to (vE^j+i, Mj+i) together 
with all the Xj) for j e /j+i n {1, . . . , i} is a definable triangulation of 

By a definable triangulation of X compatible compatible with the defin- 
able charts and with Ai, .... A„ wc mean a sequence ($, i^) = A^i) : i G 
/} some {($, Xj) : i G /} like above. By a definable triangulation of B com- 
patible with the definable charts and with Ai, . . . ,An wc mean a sequence 
{^b,Kb) = {(A, L) G ($,i^) : C 5} for some definable triangulation 
($, X) of X compatible with the definable charts and with Ai, . . . , A^, B. 
Note that for each C ^ K such that 4>i{C) G Ki for some i G /, C is defin- 
ably homeomorphic to a /c-simplex. If C C Z we say that C is a /c-simplex 
of ($, K) in Z. 

Lemma 8.2 There is a finite cover of X by open definable subsets definably 
homeomorphic to open balls in N'^. Moreover, if A C X is a definable closed 
subset then, there is a finite family Ai,...Ai closed under intersection of 

closed definable subsets Ai and a finite cover of X by open definable subsets 
Uj definably homeomorphic to open balls in N"' , such that A — UAi and for 
each i there is a ji such that Ai C Uj^ 

Proof. Let ($, K) be a definable triangulation of X compatible with 
the definable charts. Clearly each (f)i{Xi) has a finite cover by open definable 
subsets V definably homeomorphic to open balls in N"". for each 0-simplex v 
of the induced definable triangulation of 4>i{Xi) let V be the star centred at 
V (i.e, the union of {v} together with all open simplexes of the triangulation 
which contain f as a point in the closure. Now its also clear that the definable 
open sets (p^^iV) satisfy the lemma. 

Now suppose that A <Z X is a. definable closed subset. Take a definable 
triangulation of X compatible with the definable charts and with A. For 
each 0-simplex v of such triangulation let U be the star centred at v and let 
Ai be the closed simplexes obtained from the barycentric subdivision of the 
closed simplexes contained in A. Then clearly each A^ is contained in the a 
star of a 0-simplex of the triangulation contained in A. □ 
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8.2 The orientation sheaf of a definable manifold 

Note that the standard proof of the fact that Hg^S"^) = Z iff g = n and zero 
otherwise, remains vahd in our case. 

Lemma 8.3 For any point x E X , Hn{X, X — x; R) = R. 

Proof. Suppose that x G Xj. Let U be an open definable subset of Xi 
such that X (zU and (piiU) is an open ball in (^j(Xj). Then 

X - x; /?) ~ f/ - x; i?) ~ iJ„_i(f/ - x; i?) ^ 

and Hn-iiS""-^) ~ R. 

The first equality is obtained by excising the closed definable subset X — U 
of the definable open set X — x, the second follows from the exact sequence 
of the pair {U, U — x) since U is definably contractible, the third equality is 
obtained from the fact that U — x is definably homotopically equivalent to 
S*""^ and the last equality from remark above. □ 



Lemma 8.4 Given an element ax G if„(X, X — x; R) there is an open defin- 
able neighbourhood U of x and a G if„(X, X — U; R) such that = 
where 

: H^iX, X-U-R)^ if„(X, X-x-R) 
is the canonical homomorphism induced by inclusion. 

Proof. Let a be the relative cycle representing a^- Then the support \da\ 
of da is a definably compact subset of X contained in X — x, so that U : = 
X — \da\ is an open definable neighbourhood of x. Let a G Hn{X, X — U; R) 
be the homology class of a relative to X — U. □ 



We call a of lemma 8.4 the continuation of in U . 



Lemma 8.5 There is a finite cover of X by open definable subsets Ui defin- 
ably homeomorphic to open balls in X" such that if x E Ui then for every 
y G Ui, jy^ is an isomorphism (hence ax has a unique continuation in Ui). 
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Proof. The existence of a finite cover of X by open definable subsets Ui 



definably homeomorphic to open balls in A^" is proved in lemma |8]2 . 

Let V be one such open definably contractible definable subset of X, let 
X eV and let : V x [0, 1] — > V" be a definable contraction of V to a point 
in V. Let U := Vt := H{V,t) be such that x e Vt and < t < 1. Then we 
have the following commutative diagram for any y E U: 



Hn{X,X-U-R) - Hn{V,V-U-R) ~ Hr,^i{V -U-R) 

Hr,{X,X-y;R) ~ H^{V,V-y-R) ~ H^^^{V - y; R) 

in which the left horizontal isomorphism are excisions and the right ones are 
connecting homomorphisms {V is definably contractible). The right vertical 
arrow is an isomorphism because the inclusion V — U — > V — y is a. defin- 
able homotopy equivalence (move out radially from y). Therefore, jy is an 
isomorphism. Since V = Uo<t<iVj the lemma follows. □ 



Definition 8.6 The R- orientation presheaf on X is the presheaf of R- 
modules given by 0^{U) := Hn{X,X — U]R) i.e., is a contravariant 
functor from the category of open definable subsets of X with the inclusion 
maps into the category of i?-modules. U V <^ U are open definable subsets 
of X, 

: Hn{X, X-U-R)-^ H^X, X-V;R) 

denotes the homomorphism induced by inclusion, jy is called a restriction 
map. 

Note that by lemma |8.4| the stalk of at x G X, which is by defi- 
nition, the direct limit := lim^-g^ 0^(f/) with respect to the restriction 
maps is H^iX, X-x;R). And : H^iX, X-U;R) — ^ Hn{X, X - x; R) 
is exactly the natural map induced by the direct limit. 

Definition 8.7 The etale space associated to the i?-orientation presheaf 
is the topological space 

:= {{x, ar,) : X e X, e if„(X, X - x; R)} 

where the basis for the topology on is given by {U, au) := {{x, a^) : x e 
U, = jx{(^u)} foi" open definable subsets U of X together with the etale 
map p : given by p{x, ax) = x (i.e., p is locally a homeomorphism) . 
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For any definable subset A C X, a continuous map s : A — > O such 
that p o s = 1a is called a section over A. A section over X is called a global 
section. The set r{A;R) of all sections over A is in a natural way an R- 
module. We denote by Tc{A; R) the i?-submodule of T{A; R) of all sections 
s e T{A; R) which agree with the zero section outside some definably compact 
definable subset of A. 

We have a canonical homomorphism 

jA:Hr,{X,X-A;R)^r{A;R) 

defined by jyi(Q;)(x) := {x,j^{a)) for x G A (see remark 22.23 0). If B C A, 
we have the commutative diagram 

H4X,X-A;R) ^ T{A;R) 

H4X,X-B;R) a T{B;R) 
where r is the restriction map. 

Definition 8.8 determines the presheaf of sections U — > 0^{U) : = 
r{U;R). And we have a morphism of presheafs j : — > given by 
ju '■ 0^{U) — > 0^{U). The presheaf is actually a sheaf i.e., for every 
collection of open definable subsets Ui of X with U = UiUi then satisfies 
(1) if a,/3 e 0^{U) and £^{a) = for all i, then a = /? and (2) if 

ai G 0-^{Ui) and if for Ui CiUj ^ ^ we have juif^u^ica) = JulnUji'^j) ^'-'^ ^' 
then there exists an a G 0^{U) such that = ai for all i. 

The sheaf is called the R-orientation sheaf of X. 

8.3 Orientable definable manifolds 

Definition 8.9 If a; G X, an R-orientation of X at x is a. generator of 
the i?-module Hn{X,X — x;R). Given a definable subset A <0 X, an R- 
orientation of X along A is a section s G T{A, R) such that for each a & A, 
s{a) is an i?-orientation of X at a. An R-orientation of X is an i?-orientation 
of X along X. X is R-orientable along A if such s exists, X is R-orientable 
if X is i?-orientable along X. We also say that X is orientable if it is Z- 
or lent able. 
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Note that, if there is an element a G Hn{X,X — A; R) such that jy{a) 
generates Hn{X,X — y; R) for each y & A then s{a) := (a, j^(a)) is an R- 
orientation of X along A. We call such a an R- orientation of X along A. 
If there is a family {Ui, ai) with ?7j's open definable neighbourhoods which 
cover X and each Oj's an i?-orientation of X along Ui which satisfies the 
compatibility conditions: for any x E X,if x E UiCiUj, then j^'(aj) = jx^ (aj) 
then, s G T{X,R) given by s{x) := (x, j^'(Q;j)) if x E Ui is an i?-orientation 
of X. We call such family {Ui, ai) is called an R-orientation system on X. 

By the universal coefficient theorem, if X is orientable then it is -R- 
orientable for all coefficient rings R. 

Remark 8.10 Let G be an definably connected, definably compact definable 
group of dimension n. Then G is i?-orientable: let ai be an i?-orientation 
in an open definable neighbourhood Ui of 1 (the identity element of G) . For 
a E G let la : G — > G be la{x) := ax, Ua '■= la{Ui) and aa := la*{ai)- Then 
{Ua, aa)aGG IS an i?-orientation system for G. This follows from the fact that 
for X G Ui and a G G we have /„* ° jx^ = jax ° ^a*- 



Below, we talk of definable covering maps, for details see e2 



Theorem 8.11 (1) IfX is definably connected and non- orientable then there 
is a 2-fold definable covering map p : E — > X such that E is a definable 
orientable definably connected manifold. In particular, every definably con- 
nected manifold whose fundamental group contains no subgroup of index 2 
is orientable. (2) An open definable submanifold of an R-orientable X is 
R-orientable. In particular, X is R-orientable if and only if all its definably 
connected components are R-orientable. (3) If X is definably connected then 
any two R- orientations on X that agree at one point are equal. In particu- 
lar, if X is orientable then it has exactly two distinct orientations. (4) Every 
definable manifold has a unique Z/ 21^- orientation. 

Proof. (1) Let E be the set of pairs [x, ax), where x E X and ax is one of 
the generators of Hn{X, X — x;Z). E is a definable manifold with a basis of 
open definable neighbourhoods given by {U, au), where U is an open definable 
neighbourhood in X and au is a local orientation of X along U. To see this 



use lemma |8.4| . The definable map p : E — > X given by p{x, a^) = x is a 



2-fold definable covering map, and E is oriented by the system whose opens 
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are the {U,au) and whose orientations are the elements Hn{p\{u,au))~^{ciu) 
in Hn{E, E — {U, au)', Z). Moreover, E is definably connected for otherwise, 
p induces a homeomorphism between X and a component of E contradicting 
the orientabihty of E and its components. The rest of (1) follows from the 
fact that p^,7^i{E,eQ) has index 2 in '7ri(X, Xq). 

(2) Follows from the fact that if C X is an open definable subset and 
X E V then HniV,V — x; R) ~ Hn{X,X — x; R) and definably connected 
components of X are open definable subsets. 

(3) Follows from lemma ^.5| since the set on which two i?-orientations 
agree is a clopen definable subset of X. 

(4) Follows also from lemma |8.5|. □ 



Remark 8.12 Let X and Y be i?-orientable definable manifolds. Then an 
i?-orientation of X and of Y determine in a canonical way an i?-orientation 
of X X Y. If fact we have by the relative Kiinneth formula for homology a 
continuous map fi : x — > qXxY commuting with the natural maps 
pXxY . qXxy — , X xY and p^ X p^ : X — > X xY. This map 
determines a map r{A;R) x r{B;R) — > r{A x B; R) for every definable 
subsets AC X and B CY. For details see VII.2.13 @]. 



Remark 8.13 Suppose now that X is a definable manifold with boundary. 
Then just like in 28.70 and 28.80, we have that if V is an open definable 
subset of X and V = V H X and dV = V D dX then there are unique 
homomorphisms dy '■ r(V) — > r{dV) which are compatible with restriction 
to smaller V and which take local /2-orienattion of X along V into a local 
i?-orientation of dX along dV. In particular, if X is i?-orientable then so is 
dX. 

Note that by 28.12 |Q, if X is i?-orientable, then there is a unique R- 
orientation of 2X (see remark p.lO| ) inducing the given i?-orientation on X 
and X . 

8.4 The fundamental class 

We start this subsection with the following easy remark. 
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Remark 8.14 For any definable subset A <0 X , X is R-orientation along A 
iff the covering map p : p~^{A) — > A is trivial. In which case, r{A;R) is 
isomorphic to the R-module of all continuous maps A — > R. In particular, 
if A has k connected components then T{A; R) ~ R'' . 

Proof. Suppose that s G r{A;R) is an i?-orientation of X along A. 
Then for each a G A, s{a) = (a, s'(a)) and s'(a) is an i?-orientation at a. If 
(x, a^) G p^^{A) then there is a unique & R such that = \xs'{x). The 
map : p~^{A) — > A x R given by ax) = {x, Xx) is a homeomorphism 
by lemma p.4| . Conversely, given we can recover s by s{x) = (j)~^{x, 1) for 
X e A. □ 



The main result of this subsection is the following theorem. 

Theorem 8.15 Suppose that A ^ X is a closed definable subset. Then, for 
allq> n Hg{X, X - A; R) = and 

J A ■■ H^{X, X-A-R)—^ T,{A- R) 

is an isomorphism. 



Proof. By lemma |8.2| , there is a finite family Ai^ . . . Ai closed under 
intersection of closed definable subsets Ai and finitely many open definable 
subsets Uj definably homeomorphic to open balls such that A = UAi and for 
each i there is a ji such that Ai C Uj. . 

Claim (1): If the result holds for closed definable subsets A, B and AnB 
then it holds for C := A U 5. 

Proof of Claim (1): Using the relative Mayer- Vietoris sequence for the 
triad (X, X — A^ X — B) we get Hq{X, X — C; R) = for q > n and we have 
the commutative diagram 

Gn{C) G^{A)®Gn{B) GniAnB) 

r,(C; R) ^'■"4-^ r,(A; R) © r,{B; R) ''^^^ TM H B; R) 

where Gn{Z) := if„(X, X — Z; R), and chasing the diagram shows that jc is 
an isomorphism. □ 
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Claim (2): The result holds for A definably compact. 

Proof of Claim (2): Note that since A is definably compact, it is a closed 
complex i.e., it contains all its faces, and also Aj's are closed simplexes (all 
its faces are in X). By claim (1), the theorem follows by induction on the 
number of Aj's such that A = UAi. So suppose that A = Ai and let A C 
Uj-^ =: U. Since U is definably homeomorphic to an open ball of dimension n 
the result follows from Hg{U, U -A-R)c^ Hg^i{U -A-R)c^ R), 
Hn-iiS""-^; R) = R and remark □ 

Claim (3): If A (1 U, where U is an open definable subset of X with 
definably compact closure U then the result holds for U and A. 

Proof of Claim (3): We use the exact homology sequence for the triple 
(X, f/ U (X - F),(f/ - 4) U (X - fJ)). Note_that by excision, Hq{U, U - 
A; R) ^ Hg{U UJX - U),{U - A) U {X - U); R). For g > n w^ have 
Hg+i{X, UU{X-U)-R) — ^ Hq{U, U-A; R) — > Hg{X, {U-A)U{X-U); R). 

For q = n, we have 

H4U,U -A-R)-^ Hn{X, W- R) Hn{X, V- R) 

\, i- 

— ^ T^{A;R) ^ V(AVJ{U -U)]R) ^ T{U-U;R) 

where W := {U - A) U {X - F), V := U U {X - 17), T^{A; R) and Ja are 
computed in the definable manifold U, and the monomorphism i is defined 
as follows: Let s G Tc{A; R) be zero outside an definably compact K <0 A. 
Then = s and i{s) = outside K. 

Applying the result for the definably compacts U — U and AU {U — U) 
we see that Hg{U, U — A; R) = for q > n and is an isomorphism. □ 

Claim (4): The result holds for any closed definable subset A. 

Proof of Claim (4): Given s G Tc{A; R) zero outside the definably com- 
pact K C A. There is an open definable subset K <0 U such that U is 
definably compact: As we have seen, by the triangulation theorem, X is cov- 
ered by finitely many open definable subsets ?7j's definably homeomorphic to 
open balls. We get U by taking it to be UiVi where Vi is obtained from Ui 
after a small definable contraction. 
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Consider A' = AnU, s' = s\a- By Claim (3) applied to U and A', and 
the commutative diagram 







Hr,{U,U-A';R) - 
] — >s' e T^{A'; R) 



H^{X,X-A;R) 



we see that Ja is surjective. 

Now let a G Hq{X^X — A; R). \i q = n suppose that jAio/) = 0. Let z 
be the relative cycle representing a. Applying the above argument to \z\, 
there is an open definable subset C L'" such that U is definably compact. 
Let A' — AnU. By the same commutative diagram, we have a = 0. For 
q> n, we know that the class of z in Hq{U, U — A'; R) is zero by Claim (3), 
so a = 0. □ 

Definition 8.16 We see that, an i?-orientation of X along a definably com- 
pact A determines a generator (^x,a oiHn{X, X—A; R) called the fundamental 
class of the /^-orientation of X along A. li A = X we let (x '■= Cx,x- 

The orientation class of X is the element ujx £ H"'{X; R) such that 
{Cx,i^x) = 1- 

Corollary 8.17 If A is a closed definably connected and not definably com- 
pact definable subset of X then Hn{X,X — A; R) = 0. In particular, if X is 
definably connected and not definably compact then Hn{X; R) — . 

Proof. Ja is locally constant and zero outside an definably compact 
subset of A. By definably connectedness of A, if a e Hn{X, X — A; R), then 
jA{c() is zero and so a = 0. □ 

Corollary 8.18 Suppose that X is definably compact and definably con- 
nected. Assume that for any a 0, a E R and any unity u E R, ua = a 
implies u — 1. Then Hn{X; R) — R if X is R-orientable and Hn{X; R) — 
otherwise. 
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Proof. If X is i?-orientable, apply remark ^.141 . Supppose that there is 
a global section s G r{X;R), s ^ 0. Then by lemma there is a G -R, 
a 7^ 0, such that s'{x) is a times a generator of Hn{X , X — x; R) for all x G X, 
where s{x) = {x,s'{x)). The hypothesis on R implies that s'{x)/a is a well 
defined generator, and so s/a G V{X]R) given by (s/a)(x) := {x, s' {x) / a) is 
an i?-orientation of X. □ 



8.5 Degrees 

Definition 8.19 Let / : X — > F be a continuous definable map between 
orientable definable manifolds of dimension n, and let i^' C y be a definably 
compact definably connected non-empty definable subset such that f~^{K) 
is definably compact. The degree of f over K is the integer degxf such that 
f*{Cxj-HK)) = {degKf)CY,K- 

We say that / is a definably proper map if for all definably compact 
K (1 Y, f~^{K) is definably compact. For example / is a definably proper 
map if X is definably compact. 



Lemma 8.20 Let f : X — > Y and K C Y be as in definition \8.19i . 



Then we have: (1) if K' C / ^{K) is definably compact then f*{Cx,K' 
{degKf)CY,K; (2) if L is a definably compact definable subset of K then 
we have /*(Cx,/-i(l)) = {degKf)(Y,K in particular degif = degxf; (3) if 
X is a finite union of open definable subsets Xi, . . . ,Xr such that the sets 
Ki = f~^{K) n Xi are mutually disjoint then degxf = Y^\=idegKif\Ki; (4) 
if g : Z — > X is a continuous definable map between orientable defin- 
able manifolds of dimension n, and g~^{f~^{K)) is definably compact then 
degxif ° 9) = {.degf-i(^K)g)degKf; (5) if f is a definably proper map and if 
Y is definably connected then degtf = degf and is independent from K . 

Proof. (1) The inclusion homomorphism 

/7„(X, X - K'- R) H^{X, X - f~\K)- R) 

takes Cx,K' into Cx,f-^{K)- Therefore, the composition with 

/, : Hn{X,X- f-\K)-R) ^ Hn{X,X- K;R) 
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takes (x,K' into f*{(xj-^K))= {degK)Cx,K- 

(2) Consider the commutative diagram 

Hn{X, X-f-\K)-R)h H^{X, X-K-R) 

Hn{X, X - f-\L)-R) h Hn{X,X - L- R) 

Chasing Cx,f-^(K) through the diagram and using (1) gives the result. 

(3) Consider the maps 

®]=^Hn{X,,X, - K,- R) ®H* H^{X, X - r\K)- R) ^ i7„(X, X-Q-R), 



where the P are inclusions and Q E f ^{K). We have 



for every Q E f ^(K), hence ©^=iii(©^=iCx,x,) = Cxj-^k) by (!)• Now, we 
have 

{degKf)Cx,K = UCx,f-HK}) = /*(© •=i^i(©,=iCx,i^,)) = 
®'j=if\K,*{®'j=iCx,K,) = TJj=if\K,*{C,x,K,) = (Ei=i degKf\K,)Cx,K- 

(4) Is obvious. (5) Let i^", L C y be definably compact and lei k E K and 
/ G L then by (2) degxf = deg^f and deg^f = degif. Since Y is definably 
connected there is a definable path a : [0, 1] — > Y from k to / (see [|2|]). 



a{[0, 1]) is definably compact and by (2) again deg^f = dega{[o,i])f = degif. 
□ 



9 Duality on definable manifolds 

Through this section, X = (X, (Xj,0j)jg/) is an i?-orientable definable man- 
ifold of dimension n with i?-orientation s G r{X,R). Otherwise we take 
i? = Z/2Z and take the unique Z/2Z-orientation. 
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9.1 Poincare duality 

Definition 9.1 The singular cohomology with compact supports is defined 
to be the direct hmit 

Hl{X]R) := \im H'^{X,X - K;R) 

where K are definably compact. Note that if X is definably compact then 
H^{X] R) = H'^{X] R). Definably proper definable maps / : X — > Y induce 
homomorphisms H^{f) : H'^iY; R) — > H^iX; R). 

Now for any definably compact K ^ X, consider the homomorphism 
Cx,Kf^ '■ H''{X, X — K; R) — > Hn-q{X; R) given by cap product. Passing to 
the limit, these homomorphisms give a homomorphism 

D:H^^{X;R)^Hn-,{X;R). 



Theorem 9.2 (Poincare DuaUty Theorem). D : H^{X;R) — > if„_g(X;i?) 
is an isomorphism (for all q). 



Proof. First note that, by lemma ^.2| , X is the union of a finite fam- 
ily Ui, . . . ,Uk closed under intersection of open definable subsets definably 
homeomorphic to open balls. We prove the result by induction on k. 

Case k = 1: Let Ui = U . Since U is definably homeomorphic to an open 
ball B of dimension n centred at the origin and of radius 1, in computing the 
inductive limit lim^ H'^{B, B — K;R) it suffices to let K run through the final 
system of closed balls of radius < 1 centred at the origin. But for such K, the 
modules in question are zero unless q = n, and Ci^H : H'^{B, B — K; R) — > 
Ho{B; i?) ~ i? is an isomorphism and so the limiting homomorphism is also 
an isomorphism. 

Claim: If the result holds for open definable subsets U, V and W = UnV, 
then the result holds for Y = U UV. 

Proof of Claim: Let K (resp., L) be an definably compact subset of U 
(resp., V). We use the Mayer- Vietoris sequence for the triad {Y, Y—K, Y—L). 
The diagram (where we put W -KnL,Y' ■=Y-KUL,U' ■.= U-K, 
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V :=¥ - L; and for Z = W,Y,U,V we set r™(Z) := H'^iZ, Z'; R), and 
k := n — q + 1 and I := n — q), 

T'i-\W) — > T^iY) — > T''{U)®T'i{V) — > T'i{W) 

Hi{Y-R) Hi{U-R)®Hi{V-R) — . Hi{W-R) 

is commutative except possibly a + or — sign. Moreover, every definably 
compact in Y has the form K U L. Passing to the hmit gives a sign commu- 
tative diagram (where k = n — q + land I = n — q) 

H^-\W; R) — > H'i{Y- R) — ^ Hl{U; R) © Hf^iV] R) — > H^^{W; R) 

HkiW; R) HiiY- R) Hi{U; R) © Hi{V; R) Hi{W; R) 

in which all the rows are exact and all the vertical arrows except those in- 
volving Y are isomorphisms. By the 5-lemma (19.12 the result holds for 
Y. □ 

We get from Poincare duality theorem the usual corollaries. In particular, 
suppose that X is definably compact orientable. If dim{X) is odd then 
E[X) = and if dim{X) is even and not divisible by 4 then E{X) is even 
(see 26.10 and 26.11 0). Also if X is definably compact with boundary and 
X is orientable, then E{dX) is even (see 28.13 [|]). 

9.2 Alexander duality 

Through this subsection, A C X is a closed definable subset and U := X — A. 
Let 

lf{A;R) = limH^iV; R) 

be the direct limit where V are open definable neighbourhoods of A directed 
by reverse inclusion. 

Lemma 9.3 Assume that X is definably compact. Then there is an exact 
sequence 

> Hl{U- R) ^ H'^iX; R) ^ h\A; R) A if^'l^; R) ^ ■ ■ ■ 
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Proof. The homomorphism H^{U; R) H'^{X; R) is the unique homo- 
morphism making the diagram 

HIiU-R) ^ H^{X;R) 

I i 
Hi{U,U - K;R) H'i{X,X - K;R) 

commutative for all if C f/ definably compact, where 

H'^iU, U -K; R)^H\X, X -K;R) 

is the inverse to the excision isomorphism. 

ff{A; R) H^^^(U; R) is induced by the homomorphisms 

H'^iV; R) ^ Hl+\X, V; R) ~ H''+\U, U-K;R) 

where V is an open definable neighbourhood of A and K := X — is a 
definably compact contained in U. 

To prove that this sequence is exact is a simple diagram chasing, for 
details see theorem 27.3 0. □ 

Now let Cx,A be the fundamental class determined by the i?-orientation 
of X along A. For any open definable neighbourhood V of A, we have 
HniV, V — A; R) ~ Hn{X, X — A; R) by excision; the pre-image of (x,A under 
this isomorphism is still denoted by Cx,a- Taking the cap product with (x,a 
gives a homomorphism 

Cx,An : H%V; R) Hr,.g{V, V - A; R) c:^ H:,-,{X, X - A; R) 

which induces a homomorphism 

Da : R) X-A;R). 

Theorem 9.4 (Alexander Duality Theorem). Assume that X is definably 
compact. Then Da is an isomorphism for all q. 



52 



Proof. The diagram 



^H^{U;R) H%X;R) lf{A;R) 

i^^ i^^ i^-^ 

— > Hn-q{U ; R)—>Hn-q{X; R)—>Hn~q{X, X — A] R)-^ 

is sign-commutative (where Du and Dx are the isomorphisms of the Poincare 
Duahty Theorem). Now apply the 5-lemma (19.15 |0) which still works when 
the diagrams are only sign commutative. □ 



9.3 General separation theorem 

The following lemma is an adaptation of results from 26.17 on absolute 
neighbourhood retracts (namely, lemma 26.17.6 0). 

Lemma 9.5 Let Y be a definable manifold, B a closed definable subset of 
Y and f : B — > X a continuous definable map. Then f extends to a 
continuous definable map from an open definable neighbourhood of B in Y. 



Proof. By lemma ^.2| , X can be covered by a finite family Ui, . . . ,Ui 
closed under intersection of open definable subsets definably homeomorphic 
to open balls. We prove the result by induction on /. The case / = 1 is 



corollary 3.10 Ivdd 



Now let Xi = f/i U ■ ■ ■ U f//_i and let X2 = Ui and assume that the result 
also holds for Xi. Let Ai = B — /~^(Xj) for i = 1,2. Then Ai fl A2 is empty, 
and Ai, A2 are closed. Since Y is affine, by lemma 3.5 ||vdd|| it is normal i.e.. 



we can separate Ai and A2 by open definable sets Yi and Y2. 

Let Yq = Y — (Yi U Y2), closed in Y, hence also normal. Let Bi = YiCi B, 
i = 0, 1,2. Then f{Bi) C Xi for i = 1,2 and f{Bo) C Xi n X2. Since the 
result holds for Xi 0X2, f\Bp, can be extended to a continuous definable map 
Qq on an open definable neighbourhood Uq of Bq in Yq. Then f/o fl 5 = Bq, 
so / together with define a continuous definable map g : UqU B — > X. 



Again by lemma 3.5 ||vdd|| , there are disjoint (relative) open definable 
subsets V,W CYo such that BqCV and Yq - Uo C W. Then f/^ = Fq - 
is closed and Uq C Uq. Now for i = 1,2, giU'^UBi) C Xj and U^UBi is closed 
in Y. Since the result holds for Xj, g\u[iUBi extends to a continuous definable 
map Gi : Ui — > Xj on an open definable neighbourhood Ui, i = 1,2. Now 
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= n (f/^ U Yi) is closed in U := U^U U^, i = 1,2 and f/^ = f/( n U^. 
Hence we can define a well defined continuous definable map F : U — > X by 
F|(7/ := Gi, i = 1,2. Moreover, U contains the open definable neighbourhood 
(t/i'n UFi)) U (t/a n (FUF2)) of 5. □ 



Proposition 9.6 There is an isomorphism k : tf{A; R) — > H^[A; R). 

Proof. Passing the inclusion homomorphisms H'^{V;R) — > H'^{A;R) 
to the limit we get a canonical homomorphism k, : lf{A;R) — > H'^{A;R). 
By proposition 3.3 ||vdd|| there is a definable retraction r : V — > A of an 



open definable neighbourhood V of A. Let i : A — > V be the inclusion. 
Then H'^{ri) = identity, and so H'^{i) is an epimorphism, hence k is also an 
epimorphism. 

Claim: There is an open definable neighbourhood of A contained in V 
such that if j : W — > V is the inclusion, then there is a definable homotopy 
between i or\w and j. 

Proof of Claim: On the closed subset {V x 0) U {A x [0, 1]) U {V x 1) of 
V X [0,1], set F{x,t) = X if {x,t) e V X 0, F{x,t) = r{x) if lx,t) e V x 1 
and F{x,t) = x if {x,t) G A x [0, 1]. Since V x [0, 1] is normal, by lemma 



9T5| F extends to a definable map of an open definable neighbourhood of this 
set into V. That open definable neighbourhood contains a definable set of 
the form W x [0, 1], where W is an open definable neighbourhood of A. This 
gives the desired definable homotopy. □ 

By the Claim, H'^{j) = H'^{r\v/)H''{i) and we have a factorisation 
m{U';R) m{A-R) 

i T 

H'i{V- R) — > H'^{A; R) — > Hi{W; R) 

where U' is any open definable neighbourhood of A containing V. It fol- 
lows that any class in H'^{U'; R) going to zero in H''{A] R) goes to zero in 
H'^{W; R) and thus k is a monomorphism. □ 

Corollary 9.7 There is an isomorphism H^{X — A; R) — > H'^{X, A; R). 
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Proof. The same as the proof of corollary 27.4 ||^. 



□ 



Remark 9.8 (For details see 27.6 [|] and 27.7 Let {K,L) be a pair of 
definably compact subsets of X. Then there is a relative Alexander duality 

L; R) — > Hn-q{X -L,X -K-R) 

which is an isomorphism in the case K = X. Here, lf{K,L;R) is the direct 
limit lim([/ y) H''{U, V; R) where {U, V) runs through the directed set of open 
definable sets containing [K, L) . 

We can similarly define a canonical homomorphism 

H'^{X -L,X-K-R) — > Hn-q{K, L; R) 

which is an isomorphism if i? is a field. Here, Hn-q{K, L; R) is the inverse 
limit lim((7y) Hn-q{U, V; R). 

Corollary 9.9 (Separation Theorem). If A is a definably compact suhmani- 
fold of of dimension m — 1 and having k definably connected components, 
then the complement of A has k + 1 definably connected components. 

Proof. By proposition p]B we have lf{A;R) = H'i{A;R). Regarding 
iV" as S''"— point, we have the isomorphisms H'^(A;R) ~ Hm-q{S"^, S"^ — 
A; R) 4- H^_q{N^, -A-R)^ H^_q.i{N^ - A; R). □ 

The standard proof of the fact that Hq{S^) = Z iff g = n and zero 
otherwise, remains valid in our case, but the usual proof of the fact that if e 
is a definable subset of S*" that is definably homeomorphic to [0, 1]'' for some 
r < n, then Hq{S"' — e) = for all q depends on the compactness of closed and 
bounded subsets of the reals. Woerhiede circumvents this difficulty by using 
the definable trivialization theorem. As corollaries of this fact and the Mayer- 
Vietoris sequence we get (see |[Wo|| ) : (1) (The Jordan- Br ouwer separation 
theorem) for n > 0, Hq{S^ — Sr) = Ziffg = n — r — 1 and zero otherwise for 
every definable subspace Sr of which is definably homeomorphic to S^, in 
particular — s„_i has exactly two definable connected components, and 
s„_i is their common boundary; (2) (Invariance of domain) if [/ C A^" is a 
definable open subset and h : U — > is an injective definable continuous 
map, then h{U) is open in A^" and h is a definable homeomorphism onto 
h{U). 
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9.4 Lefschetz duality theorem 

Lemma 9.10 Let X be a definably compact definable manifold with boundary 
and let s G T{X; R) an R- orientation of X. Then there is a unique homology 

class ( G Hn{X, dX; R) such that for any x E X, s{x) = j^{C)- Moreover, 
d( G Hn-i{dX; R) is the fundamental class for the induced R-orientation of 
dX. 

Proof. The same as proposition 28.15|^ and corollary 28.16[§]. □ 



Theorem 9.11 (Lefschetz Duality Theorem). Suppose that X is a definably 
compact definable manifold with boundary, such that let X be R-orientable. 
Let d( G Hn-i{dX; R) be the fundamental class. The the diagram 

^Hi-\X;R) Hi-\dX;R) ^ H''{X,dX;R) -*Hi{X;R) 

— >■ Hn-g+i{X, dX; R) Hn~g{dX; R)-^Hn~g{X; R) — > Hn-q{X, dX; R) 
is sign- commutative and the vertical arrows are isomorphisms. 

Proof. Similar to the proof of 28.180. □ 



10 Lefschetz fixed point theorem 

Through this section, X = {X, (Xj, ipiji^i) is an i?-orientable manifold of 
dimension n with i?-orientation s G r(X, R). 

10.1 Thorn class 

Consider the dual sheaf U — > r*{U,R) of the i?-orientation sheaf . s 
determines a global section s* G T*{X,R) such that {s{x), s*{x)) = 1 for all 

X e X. 

Let Ax be the diagonal of X x X and i^ : (X, X — x) — > {X x U, X x 
U — Ax) be the map given by ^^(-z) := {z, x) for z & X. 
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Theorem 10.1 (Thorn isomorphism theorem). Let U C X be an open de- 
finable subset. Then for all q < n, H'^{X x U, X x U — Ax', R) = and there 
is a unique isomorphism : H"{X x U, X x U — Ax', R) — > T*{U, R) such 
that = H''{i^){/3) for all /3 G H''{X x U, X x U - Ax', R), x e U. 

Proof. As we saw before, by lemma |8.2| , X is the union of a finite 
family Ui, . . . ,Ui closed under intersection of open definable subsets definably 
homeomorphic to open balls. 

For any P E H^{X x U, X x U — Ax', R) define a set-theoretic section 
: U — ^ (O^)* by $09) (x) = H''{i^){p) for all x e U, where (O^)* 
is the etale space dual to O'^ i.e., whose fibre at x is the local cohomology 
i?-module X-x',R). 

If V'{U',R) denotes the i?-module of set-theoretic sections U — > (O"^)*, 
then for y C f/ we have the commutative diagram 

xU,X xU - Ax',R) — > H'^iX x V,X x V - Ax', R) 

T'{U',R) — > r'(V;i?) 

Thus to verify that the homomorphism $ takes its values in r*(f/; R), it 
suffices to consider the following cases: 

Case (1): U is definably homeomorphic to an open ball and is contained 
in an open definable set V which is definably homeomorphic to an open ball. 

Proof of Case (1): For each x G f/ we have a commutative diagram 
H^X xU,X xU - Ax',R) — > Hi{V x U,V x U - Ay', R) 

Hi{X,X-x',R) — > H\V,V-x',R) 

where the horizontal isomorphisms are excisions. Thus we may assume that 
X = V = N'"-. In this case we have a homeomorphism 

f ■.{N'' X U, (A^" - 0) X f/) — ^ (A^" X f/, AT" X f/ - Aa^) 

given by f{y, x) := {y + x, x) and for each x E U, a. commutative diagram 

(A^" X 0, A'o" X 0) ^""^^^ (A^" X U, A'o" x f/) ^ (A^" x t/, A^" x f/ - A^n) 
(AT" X 0, A^o" X 0) ^ (A^'^, A'o") h (A^", A"^) 
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where iV" = iV" — 2;, fx{y) := x + y, and jx is the map of the point onto x. 
We may assume that E U. 

Claim (1-1): The map s' — > s'{Q) is an isomorphism of T*{U\R) onto 
i7„(Ar",A^" -0;i?). 

Proof of Claim (1-1): This follows from the fact that Jq is an isomorphism 
(by lemma |8.5| ) . □ 

Claim (1.2): If s' G V*{U- R) and x G f/ then s\x) = i7"(/^)(s'(0)). 

Proof of Claim (1.2): Let a G H''{N'',N'' - U;R) be the unique class 
such that a = j^(s'(x)) for all x e U. Now the maps JxIq ■ (A^",iV" - 
f/) — > {N",N" — x) (where is the natural inclusion, and H"{1^) = 
j^) are definably homotopic (at time t the map is ftx^o), whence s'{x) = 
H-{f^)-\a) = H^ifx)-'H-il^)-'H-il^)i.s'm= i/"(/_ ^(.'(0)). □ 

Claim (1.3): W^ii^) is an isomorphism for all q. 

Proof of Claim (1.3): Using the commutative diagram above, we must 
show that 

//"(Un X jo) : H''{N'' X [/, (A^" - 0) x [/; i?) — > H''{N'' x 0, (AT" - 0) x 0); /?) 

is an isomorphism, which follows from the fact that U is definably con- 
tractible. □ 



Now the theorem for Case (1) follow from Claims (1.1) and (1.3), since 
by Claim (1.2) and the fact that i^ is definably homotopic to i^ o f_^ we 
have ^(3)ix) := ff"(^^)(/5) = i7"(/_,)if"(z^)(/3). □ 



Case (2): If the theorem holds for open definable subsets U, V and W 
U nV, then it holds for the open Y = U UV. 

Proof of Case (2): Let U' = X x U - Ax, V = X x V - Ax , W 
X xW - Ax andY' = X xY - Ax. 



58 



Claim (2.1): There is an exact sequence 



— > Rt^X X r, Y'- R) ^ H'i{X X U, U'; R) © Hi{X x V, V; R) 
^ Hi{X X W, W; R) ^ H'^+\X x Y, Y'; R) — > 

where i is induced by the chain homomorphism z — > {z, z), j by the chain 
homomorphism {z, w) — > z ~ w, and k is the connecting homomorphism. 

Proof of Claim (2.1): By the Universal Coefficient Theorem, its enough 
to prove Claim (2.1) for i? = Z. Consider the monomorphism of chain 
complexes 

i:S,{Xx W)/S,{W') —^S,{Xx U)/S,{U') ®S,{Xx V)/S,{V') 
given by i(z) = {z,z), and the chain epimorphism 

J -.s^ixx u)/s,{u') ®s,{xx v)/s,{y') 
— > {s,{x xu) + s,{xx v)/{s,{u') + s,{y')) 

given by j(z,w) = z — W. Clearly ji = 0. Suppose that j(z,W) = 0. If 
z = ^fiiffi, let V be the sum of those /ijCTj such that \ai\ meets Ax; then 
V is equal to the chain defined in the same way using w instead of z, since 
z — w G S^{U') + S^{V'), so that i{v) = (z,!]]). Therefore, we have an exact 
sequence of chain complexes. Since these complexes are free, dualizing gives 
an exact sequence of cochain complexes, hence an infinite exact cohomology 
sequence 

— > H'^iC/C) ^ H^{X X U, U') © Ht^X X V, V) 

^ m{x X w, w) Hi+\c/c') — > 

where C = S,{X x U) + S,{X x V) and C = S^U') + S,{V'). Since XxY = 
X xUUX xV, the inclusion C — > ^^(X x y) is a chain homotopy (see the 
proof of the excision theorem in ||Wo|| ) . This holds similarly for the inclusion 
C — > S^:{Y'), and by passage to the quotient, for the inclusion C/C — > 
S^X X Y)/S,(Y'). Thus we can replace H^{C/C') by H'i{X x F, Y') in the 
above exact sequence. □ 

We now prove Case (2). By the assumption we see that 

H'^{X X YX\R) = 
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for q < n and the commutative diagram 

X F, Y'] R) ^ X U, U') © /f"(X X V, V) ^ H''{X x VT, W) 

— > T*{Y;R) ^ T*{U;R)®T*{V;R) T*{W;R) 
together with the 5-lemma imply that $ is an isomorphism for Y . n O 



Definition 10.2 This means that there is a unique cohomology class fix in 
X X,X X X - Ax;R) such that s*{x) = H'^{i^){fix)- l^x is called 

the Thom class of the given i?-orientation. The Lefschetz class of X is the 

image = H"'{j){fix) of the Thom class fix under the homomorphism 
: if"(X X X,X X X - Ax;R) — > H'^iX x X;R) induced by the 

inclusion j : X x X — > {X x X,X x X - Ax)- 



10.2 The Lefschtez isomorphism 

Before we proceed we need the following lemma 

Lemma 10.3 Suppose that X is definably compact. If t E Hp{X x X,X x 
X - Ax;R) anda e H%X; R), then 

HPU){r)U{axl)=HP{j){r){lxa). 

Proof. Claim: There is an open definable neighbourhood V of Ax in 

X X X and a definable retraction r : V — > Ax such that z o r is definably 
homotopic to k, where i : Ax — ^ X x X and k : V — > X x X are the 
inclusions. 

Proof of Claim: Suppose that X C N"^. Then by proposition 3.3 ||vdd 



there is an open definable neighbourhood t/ of X having a definable retraction 
s : U — > X. Let e = distance from X to X™ — U, and let V be the 
e-neighbourhood of Ax in X x X. Define F : X x X x [0, 1] — > X™ by 
F{x,y,t) := {l-t)x+ty. Then F maps \/x [0, 1] into f/. Let G := roFivx[o,i] ■ 
V X [0,1] — > X so that G{x,y,0) = s{x) = x, G{x,y,l) = s{y) = y. 



60 



The required definable homotopy H : 1/ x [0, 1] — > X x X is defined by 

H{x,y,t):={x,G{x,y,t)). □ 

Let k' : {V,V - Ax) — > {X x X,X x X - Ax) denote the inclusion. 
Note that k' is an excision. We have 

m{Ax]R) ^ Hi{X X X;R) ^ Hi{X X X,X X X - Ax;R) 

m{Ax]R) A m{V;R) ^ Hi(V,V-Ax;R) 

where we are using mixed cup products of absolute and relative cohomology, 
X{P) := T U /3 and p{a) := HP{k'){T) U a. 

Let Pi : X X X — > X. i = 1,2 be the projections. Then 1X0" = 
i/0(pi)(l) U HPip2)ia)= i/^(p2)(a), axl = H^{pi){a). Let p : Ax ^ X 
be the common restriction of pi and p2 to the diagonal. From the diagram 
we get 

T U H'iip,){a) = HP+%k')-\HP{k'){T) U H''{p4r){a)) 
= HP+i{k')~\HP{k'){T) U H'iipr){a)) 
for both i — 1 and 2. By definition of the mixed cup product, 

HP{j){t) U H''{pi){a) = HP+\k'){T U H'^{pi){a)) 

which proves the lemma. □ 

Lemma 10.4 Suppose that X is definably connected and definably compact. 
Then for any p < n, the inverse to the Poincare duality isomorphism 

Dx : HP{X- R) H„-p{X; R), a ^ Cx n a 

is given by 

D^^ : H^.p{X- R) HP{X; R), a ^ (-l)^Ax/«. 

Proof. We first show that Ax/Cx = 1- For x & X, consider the commu- 
tative diagram 

{X,X-x) ^ {X X X,X X X - Ax) 
X h XxX 
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where ix = and the vertical arrows are inclusions. Note that, if x is 
the homology class of x (x is a 0-cycle), then Hn{ix)Cx = Cx ^ x (since 
X ~ X X x). We have, 1 = {s{x),H^{lx){^^x)) = (^n(j.)Cx, ^"fe)/^x) = 
{Cx,H^{^.J.)^lx) = {Cx,H^{j^.)^x)= {H^{tx)Cx,Ax) = {Cx x x,Ax) = 
(x. Ax / Cx) (by theorem |6.12|) . 

Consider a e Hp{X;R), then we have A^/Cx n a =1 U {Ax/Cx n cr) 
= (_l)p(n+p+o-n)[(^ X 1) U Ax]/Cx (by theorem = (-1)p'[(1 x a) U 

Ax]/Cx (by lemma |10j) = (-1)p'(-1)V U [A^/Cx n 1] (by theorem ^J% ) 
= (-If or U (Ax/Cx) = (-l)V U 1 = (-l)V. □ 

Let / : X — > y be a continuous definable map, where Y is another 
definably compact, i?-oriented definable manifold of dimension m. We define 
the cohomology class /i/ of the graph of / by 

fXf = H^{f X Iy){Ay) E /f™(X X Y; R). 

If X = F, the Lefschetz class Lj of f is defined by Lf := if"(Ax)(/i/) G 
//"(X;i?). 

Note that, for a E Hp{Y) we have /i//Cy n (7= HP{f){fi'Y/CY n a) (by 
theorem (3)) = {-l)PHP{f){a) (by lemma ^0^. 

Definition 10.5 Let Lp{X;R) := HomR{HP{X; R), Hp{X; R)) and let 

n 

L*{X;R) ■.= Y,LnX-,R). 

p=0 

For each p we have a canonical isomorphism 

F : //^'(X; /?) ®R Hp{X; R) — > LP{X; R) 
which induces a canonical isomorphism 

n 

k : J2 H^iX- R) ®R Hp{X- R) — > L*{X- R) 

given by k := J2p=o(~^y^^- '^^^ Lefschetz isomorphism for X is the iso- 
morphism of i?-modules 

Ax : L*{X; R) — > H'\X x X; R) 
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given by \x '■= ct' o (1^ 0^ ^x^) ° ^ ^ where, a' is the Kiinneth isomorphism 
and D^^ is the inverse of the Poincarc duahty isomorphism. Note that, 
Ax = Ax(l^). 

Lemma 10.6 Let Tr : L*{X; R) — > R be the linear map given by Tra := 
Y:p=o{-'^Ttr(TP where a = Ep=o^^ ^ U>{X;R). Then 

Tra={Cx,A*xXx{a)). 

Proof. Its enough to consider a — k{l3®RDx^) with /3 e Hp(X; R) and 

7 E H''-P{X; R). Then, by ordinary hnear algebra Tra = (-1)"p+p(L)x7, /9) 
= (-l)f(«-p)(Dx7,/9)= (-lF("-^)(Cx n7,/5) = (-lF("-^')(Cx,7U/?) = 
(Cx,/3U7)= (Cx,A>'(/3®^7))= (Cx,AxAx((t)). □ 

Definition 10.7 The Poincare adjoint of f* where / : X — > F is a con- 
tinuous definable map, is the unique linear map / := Ylp=of^ where /"-"P : 

H'^-P^X; R) — > H"'-P{Y; R) is determined by {Dyr'^a, (3) = {Dxa, f*Pp) 
for aU a E H"-p{X] R) and {3 E Hp{Y; R). 

Its easy to see that the Poincare adjoint of a composition of continuous 
definable maps is the composition of the Poincarc adjoints, and if dimX = 
dimY then f o f* = {degf)l*x. In particular, ii X = Y then /* is a linear 
isomorphism iff degf ^ 0, in which case (/*)~^ = ^^Z- 

Lemma 10.8 Let a E L*{Y;R), f,g : X — )• Y be continuous definable 
maps and suppose that dimX — dimY . Then 

{fxgnXy(a))^Xx(roaog). 
In particular, if X = Y then lJ>f = Xx{f*)- 

Proof. Its enough to take a — k{a DyP) with a E Hp(Y; R) 

and p E H^'-PiY-R). We have (/* o a o 50(7) =(-1)"^ (L'y/5,5^(7))/*(a) = 
{-irp{Dxg*{l3),i)na)= [k{f*a ®r Dxg*mi) for all 7 e Hp{X-R) . 
Therefore, Xx{f* o a og) = {f x g)* o a' {a ®r /5) = (/ x 5)*(Ay(a)). □ 
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10.3 The Lefschetz fixed point tiieorem 

Definition 10.9 Let f,g : X — > Y be continuous definable maps and 
suppose that dimX = dirriY. The coincidence number of f and g is defined 
by 

n 

X{f,g;R):=Y,hmr{rogP). 

Note that ii X = Y then A(/, lx;R) = A(/; R). 

We have the following (see volume I chapter X ||ghv|| ): X{f,g]R) = 
(— 1)"A((7, /; R) and if h : Z — > X is a third continuous definable map from 
a definably connected, definably compact, i?-orientable definable manifold 
then A(/ o h, g o h; R) = {degh)X{f, g; R). 

Theorem 10.10 Let X andY he a R-orientahle, definably compact definable 
manifolds of dimension n, where R is afield. If f,g : X — > Y are continuous 
definable maps then 

X{f,g;R) = {Cx,A*^o{fxgnAy)). 

If X{f,g; R) 7^ 0, then there is x & X such that f{x) = g{x). 

Proof. WehaveA(/,^/;/2) = Tr(/*o5^)= (Cx, A3,(Ax(/*o5^)))= (Cx,A3,o 
(/ X gr{Ay)). 

If there is no x G X such that f{x) = g{x), then we have a factorisation 

X YxY 

X xX Y xY-Ay 

where i is the inclusion. Since H^{i)H^{j) = and Ay = H"'{j){fiY), we 
have = o (/ X o z*(Ay) = (/ x ^)*(Ay) and therefore A(/, g; R) = 0. 
□ 



Corollary 10.11 Let X be a definably connected, definably compact defin- 
able manifold. If X admits a continuous definable map f : X — > X definably 
homotopic to the identity and without fixed points, then E{X) = 0. 

Note that, like in the classical case, all the results of this section generalise 
to definable manifolds with boundary (see remark in 30.14 0). 
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11 Cohomology rings of definable groups 



Below G will be an definably connected, definably compact definable group 
of dimension n. We will use ~^ and l for inverse in G and ■ and m for 
multiplication in G. X is like in the previous section and R will be a field of 
characteristic zero. 

Lemma 11.1 If f,g : X — > G are two continuous definable maps then 

\if,g;R) = degif-'-g). 

Proof. Consider the definable map q : G x G — > G given by g := 
m o [l X 1g). a simple calculation using co- multiplication in H*{G] R), the 
fact that L*{a) = (— for a G H^{G] R) and the definition of the Lefschtez 
isomorphism shows that q*ujG = (~1)"'^G x 1 + 1 x ujg= Xg{^g) = ^G- 
The result follows from the fact that ' 9 = Q ° {f >^ g) ° ^x- ^ 

Before we prove our main theorem, computing the cohomology rings of 
definably compact, definably connected definable groups we recall some ex- 
amples of R-semialgebraic groups and the notion of Lie algebra cohomology. 

Remark 11.2 (see [jxitll and |^hv|| ) . For F = R , C or H the division ring of 
quaternions over M, let 

GL{n,F) := {A E M{n,F) : 3^"^ G M(n,F), AA'^ = /„} 

(the general linear group over F), U{n,F) := {A G GL{n,F) : AA* = In} 
(the unitary group over F). For F = M or C let SL{n,F) := {A G 
GL{n,F) : detA = 1} (the special linear group over F), 0{n,F) := {A G 
GL{n,F) : A'^A = /„}, (the F orthogonal groups) Sp{n,F) := {A G 
M(2n, F) :* AJnA = J„} (the F symplectic groups) where J„ := ( J"^) with 

The orthogonal groups are 0{n) := 0{n,M.) = f/(n, M), the special 
orthogonal groups are SO{n) := U{n,M.) fl SL{n,M), the unitary groups 
are U{n) := U{n,C), the special unitary groups are defined as SU{n) : = 
U{n,C) n SL{n,C) and the symplectic groups are Sp{n) := [/(ra, H). We 
have a definable extension 1 — > SO{n) — > 0{n) — > Z2 — > 1 and 
the other groups of this list are M-compact and M-connected except for 
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GL{n, F) := f/(n, F) x M.dnin~i)/2+n (^fQ^ F =R , C or H and = 1, 2 or 4 
respectively), SL{n, F) := SU{n, F) x RMn-i)/2+n ^^^^ F =M or C and = 1 
or 2 respectively), Sp{n,R) = U{n) x M"("+i), ^p(n, C) = ^p(n) x M"(2n+i) 
and 0(n, C) = 0{n) x R"("-i)/2. 



Remark 11.3 Let g be a Lie algebra over M. For each > let C'^(g, M) : = 
L(A'^g,M) and define a differential by the Cartan formula 

dc{gi, . . .,gk+i) = 
= Ei<j<«<fe+i(-lV"^'"^c([c/j, gi],gi, ...,gj,...,gi,..., gk+i) 

+ Ei=i(-l)''^jc(^i, • • • • • • ,^fc+i)- 

The cohomology of this complex is denoted by if*(g,]R) and is called the 
cohomology of the Lie algebra. If G is a Lie group with Lie algebra g, and 
Ad : G — > GL{g) the adjoint representation, g/ denotes the Lie subalgebra 
of g invariant under Ad. If G is a connected, compact Lie group, then 
H*{G,R) = H*{gi,R) (see jgh^j). 



Lemma 11.4 // (X, e, m) is a definable H-manifold, then TTi{X,e) is an 
abelian group. In particular, there are non negative integers s,m''i, . . . ,m''^ 
such that TTiiX) = © Z i, ®---®Z 



- Ill 



Proof. For definable paths a and (3 m. X let a/5 be defined by al3{t) : = 
m(a(t), /5(t)). It follows from the definition of definable if-manifold that 
[ega] = [aee\ = [a]; if [a] = [a'] and [/3] = [/?'] then [aP] = [a' (3']. Further, 
we have the equality (a ■ /?)(«' ■ jS') = {aa') ■ {[3(3'). Now the lemma follows 
from the definable homotopies: [a -[3] = [(aee) ■ (ee/3)] =[(a-ee)(ee-/5)]= [a/5], 
[P-a] = [{e,P) ■ (aee)] = [{e, ■ a){P ■ e,)]= [aP]. □ 

The next lemma follows from results from on cover of definable groups 



together with lemma 11.4. 



Lemma 11.5 If G is a definably connected, definable abelian group then 
there are s, m^^ . . . , m^^ E NU{0} such that ni{G) = 1/ ® TL^i^ © • ■ ■ © Z^ 

and card{{x E G : kx = 0}) = ■ {k,m''^) ■ ■ ■ (A;, m^"). 
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Proof. The definable map pk : {G, 0) — > {G, 0) is a surjective (since G is 
divisible) homomorphism with finite kernel. Therefore, by pk '■ {G, 0) — > 
{G, 0) is a definable covering map and since p^* : 'n'i{G) — > t^i{G) is given by 
Pa:*(M) = k[a], we have that for all x,y & G, \Pk'^{x)\ = \Pk^{y)\= [7ri(G', 0) : 
pUMH,0))]= ■ ik,m[')---{k,m'-). a 

Finally we prove our main theorem. 

Theorem 11.6 Let G be an definably connected, definably compact definable 
group. Then the rank of G equals the dimension of a maximal definably 



connected definably compact definable abelian subgroup, Yll 
and dimG = rank{G){mod2) . We have. 



rank(G) 
1 



gi = dimG 



H*{G; R) = H*{Z{Gf- R) ®r H*{G/Z{Gf- R), 

n,iG) = m{Z{G)')(BMG/Z{Gf). 
Moreover, we have (1) H*{Z{Gf-R) = Mvu, ■ ■ -yi^^^.^^^oU, ^i(^(G)°) 



^dimzicr^ and for each k > 1, card{{x E Z{Gf : kx = 0}) = k'^i"^z{Gr ^ ^g) 
7ii{G/Z{G)^) is finite and H*{G/Z{G)^; R) is a obtained by taking tensor 
products over R of the following types of free, skew- commutative graded Hopf 
R-algebras: 



Type Ai (/ > 1) 
Type Bi {I > 2) 
Type Ci (/ > 3) 
Type Di {I > 4) 



A[l/l3. 



. 2/i4i-i]fi; 



Type Eq 
Type Ej 
Type Es 
Type 
Type G2 



My I 



yi9,2/in>2/ii5'2/ii7.yi23jR; 

Abl3' ?/ll5' 2/119' 2/123' 2/135]^; 

A [2/13 ' 2/115 ' 2/123 ' 2/135 ' 2/139 ' 2/147 ' 2/159]^; 
Abi3'2/iii' 2/115' 2/123]^; 

A[2/i3'2/iii]fl- 



Proof. We have a definable extension 



Z{Gf 



G — > G/Z{Gf 



and therefore, H*{G] R) = H*{Z{G)^; R) ®rH*{G / Z{Gf] R) and its enough 
to show the theorem separately for Z{Gy and G/Z{G)^. 



67 



We first prove tlie result for Z{G)^. By lemma |11.1| we have that for each 
G Z, (1 — ky = X{pk) = degpi-k where r = rank{Z{G)^). Therefore for 
each k> 1, card{{x G : kx = 0}) = fc^ (since pk : — > 

does not change local /^-orientation, recall that {pk)*ix) = k^^^^^'>x). But by 
lemma p.l.5| there are s,iv!'^, . . . ,771(7 ^ NU{0} such that 7ri(Z(G')°) = 



Z^i, © ■ ■ ■ © Z^jj, and card{{x G Z^G^ : kx = 0}) = k' ■ {k, m[^) ■■■{k, mj^). 

It follows that s = r, 7ri(Z(G')0) = and H*{Z{Gf- R) = A[z/ii, • • • 

But since H'^{Z{GY\R) is non trivial {Z{G)^ is i?-orientable), we have 

dimZ{G)^ = r. 

Let d := dzm(G'/Z(G)0) and t := ranfc(G' /Z(G') °). By || G/Z(G)0 
is definably semisimple definable group and by ||ppsl|| and ||pps3|| , G/Z{G)^ 
is definably isomorphic to an A^-semialgebraic subgroup (definable with pa- 
rameters from Q) of some GL{m, N) and therefore since the cohomology 
groups depend only on the triangulation, G/Z{G)^ and {G / Z{G)^){^ have 
the same cohomology rings. But (G/Z(G)°)(]R) is a Lie group and it fol- 
lows from theorem IV, volume II chapter IV in ||ghv|| that rank{G/Z{G)^) is 
the dimension of a maximal definably connected definably compact definable 
abelian subgroup, gi = d and d = t{mod2). 

Also by results from ||ghv|| it follows together with what we have proved 



so far that H*{G; R) = H*{gj; R) where g is the Lie algebra of G. On the 
other hand, by |[ppsl|] we have a definable extension 

1 — > Z[GlZ[Gf) — > G/Z{Gf — > Gi X • • ■ X Gfc — > 1 

where each Gi is a definably simple centerless definably connected defin- 
able group (definable with parameters from Q) and each one of G'i(M) is a 
simple, compact, connected Lie group of one of the types Ai, Bi,Ci, Di, Eq, 
E-i, Es,F4^ or G2. Now the result follows from a similar result for Lie groups 
(see ||mt|| or |^hv|| ): For example, the classical groups SU{1 + 1), 5*0(2/ + 1), 
Sp{l) and 50(2/) are of type Ai,Bi,Ci and A respectively, H*{SU{ny, R) = 
A[2/i3' • • • ' yi2n-i]R^ H*{S0{2m +l);R) = f\[yi,, . . . , I/w-Jr, we also have 
H*{Sp{ny, R)= Abi3, • • • , 2/i4„- and i7*(50(2m); R)= /\[y,,, . . . ,yu^_,U. 
Since H\G/Z{Gy; R) = we have that tti (0/^(0)°) is finite. □ 

Note that H*{G;R) = /^°'i/*(GO; i?). In particular, H*{0{n)-R) = 
tSi'j^H*{SO{n); R). The cohomology ring of U{n) is given by H*{U{n); R) = 
/\[yii, . ■ ■ ,yi2„^i]R, since Z{U{n)) = U{1) = 50(2) and the projective uni- 
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tary group PU{n) := U{n)/Z{U{n)) = SU{n)/Zn. 

Corollary 11.7 Let G be a definably compact, definably connected definable 
group. Then G is definably semisimple iff Z{G) is finite iff Ad : G — > Ad{G) 
is a definable covering map iffni^G) is finite iff H^iG; Z) = iff the universal 
covering group G of G is a definably compact (definably semisimple) definable 
group. 



Proof. This follows from theorem D-l-GI and results from lle^l. □ 



Remark 11.8 The cohomology ring of a definably compact de- 

finably, definably simply connected, definably simple definable group G is 
equal the cohomology ring of the corresponding simply connected, compact 
simple Lie group G'(M) of the same type as G. Explicit computation of these 



cohomology rings is given in |[mt|| . We will not include here the full de- 
scription of these rings, but we note that the (co)homology ring of definably 
simply connected, definably compact, definably simple definable group G are 
p-torsion free in the following cases: 

p > 2, G of type A, d; 

p > 3, GoftypeBi, Di, G2; 

p>5, G of type F4, Eq, E7; 

P>7, G of type Eg. 

Finally note that if G is a definably connected, definably compact defin- 
able abelian group of dimension n then, since Hi{G) = tti{G) = Z", H*{G) 
is p-torsion free for all p and so H*{G; Kp) = • • • 5 ^in]Kp- 

Remark 11.9 The following results are obtained by transfering similar re- 
sults for simple Lie groups (see ||mt]| ) and from result from Let G be a de- 



finably connected, definably compact, definably semisimple definable group 
with universal covering group G. Then 

n^{G) < Z{G) = Z{G[) X ■ ■ ■ X Z{gI) 

where Gj's are definably simple, sjmply connected definably compact defin- 
able groups such that G /Z{G) = Gi x ■ ■ ■ x Gk- 
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Moreover, Z{Gi) is Z^+i, Z2, Z2, Z2 © Z2, Z4, Z3, Z2, 0, or if Gi{R) is 
of type Ai, Bi, Ci, D21, D21+1, Eq, Et, Eg, F4 or G2 respectively. 

For example, 7ri{SU{n)) — and Z(SU{n + 1)) = Z„+i; for n > 1 we 
have ni{SO{n)) = Z2, Z{S0{2n + 1)) = 0, Z{SO{2n)) = Z2 the universal 
covering group of SO{n) is Spin{n) (the spinor groups) and Z{Spin{2n + 
1)) = Z2; ni{Sp{n)) = and Z{Sp{n)) = Z2; Z{Spin{An)) = Z2 © Z2 and 
Z{Spin{An + 2)) = Z4. 
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